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ABSTRACT
Studyingthe associationbetweenquantitative phenotype(suchas
heightor weight) andsinglenucleotidepolymorphisms(SNPs)is
animportantproblemin biology. To understandunderlyingmecha-
nismsof complex phenotypes,it is oftennecessaryto considerjoint
geneticeffectsacrossmultiple SNPs. ANOVA (analysisof vari-
ance)testis routinelyusedin associationstudy. Important�ndings
from studyinggene-gene(SNP-pair)interactionsareappearingin
theliterature.However, thenumberof SNPscanbeup to millions.
Evaluatingjoint effectsof SNPsis achallengingtaskevenfor SNP-
pairs. Moreover, with largenumberof SNPscorrelated,permuta-
tion procedureis preferredover simpleBonferronicorrectionfor
properlycontrolling family-wiseerror rateandretainingmapping
power, which dramaticallyincreasesthecomputationalcostof as-
sociationstudy.

In this paper, we study the problemof �nding SNP-pairsthat
have signi�cant associationswith a given quantitative phenotype.
We proposean ef�cient algorithm, FastANOVA, for performing
ANOVA testson SNP-pairsin a batchmode,which alsosupports
large permutationtest. We derive an upperboundof SNP-pair
ANOVA test,whichcanbeexpressedasthesumof two terms.The
�rst term is basedon single-SNPANOVA test. The secondterm
is basedon theSNPsandindependentof any phenotypepermuta-
tion. Furthermore,SNP-pairscanbe organizedinto groups,each
of whichsharesacommonupperbound.Thisallowsfor maximum
reuseof intermediatecomputation,ef�cient upperboundestima-
tion, andeffective SNP-pairpruning. Consequently, FastANOVA
only needsto performtheANOVA teston a smallnumberof can-
didateSNP-pairswithout the risk of missingany signi�cant ones.
Extensive experimentsdemonstratethat FastANOVA is ordersof
magnitudefasterthanthe brute-forceimplementationof ANOVA
testsonall SNPpairs.

Categoriesand Subject Descriptors: H.2.8 [DatabaseApplica-
tions]: DataMining; J.3[Life andMedicalSciences]:Biology and
Genetics

GeneralTerms: Algorithm, Performance

Keywords: Associationstudy, ANOVA test
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1. INTRODUCTION
Quantitative phenotypeassociationstudyanalyzesgeneticvari-

ation acrossa populationin order to �nd the geneticfactorsun-
derlyingcontinuousphenotypes(suchasheightor weight). These
phenotypesareoftencomplex in thesensethat they arelikely due
to theeffectsof multiple genes[6, 24]. Themostabundantsource
of geneticvariation is representedby singlenucleotidepolymor-
phisms(SNPs). A SNP is a DNA sequencevariation occurring
whena singlenucleotide(A, T, G, or C) in thegenomediffersbe-
tweenindividualsof a species.For inbredspecies,a SNPusually
shows variationbetweenonly two of the four possiblenucleotide
types[12], whichallowsusto representit by abinaryvariable.The
binary representationof a SNPis alsoreferredto asthe genotype
of theSNP.

Variousstatisticscanbe appliedto measurethe associationbe-
tweenSNPsandthephenotypesof interest,amongwhichANOVA
(analysisof variance)test is one of the standardstatistic meth-
odsandhasbeenroutinelyusedin quantitative phenotypeassocia-
tion study[18]. Thegoalof ANOVA testis to determinewhether
thegroupmeansaresigni�cantly differentafteraccountingfor the
varianceswithin groups. It accomplishesthe comparisonby de-
composingthetotalvariancein thedatainto within-groupvariance
andbetween-groupvariance.If thebetween-groupvarianceis suf-
�ciently larger than the within-groupvariance,then the testcon-
cludesthatthereis signi�cant (phenotypic)differencebetweenthe
groups.

In theapplicationof phenotype-SNPassociationstudy, theindi-
viduals' phenotypevaluesaregroupedby the genotypeof a SNP
or a subsetof SNPs.Figure1(a)shows anexampleof strongasso-
ciationbetweena phenotypeanda SNP. 0 and1 on thex-axisrep-
resenttheSNPgenotypeandthey-axis representsthephenotype.
Eachpoint in the �gure representsan individual. It is clearfrom
the�gure thatthephenotypevaluesarepartitionedinto two groups
with distinctmeans,henceindicatinga strongassociationbetween
thephenotypeandtheSNP. On theotherhand,if thegenotypeof a
SNPpartitionsthephenotypevaluesinto groupsasshown in Figure
1(b),thephenotypeandtheSNParenotassociatedwith eachother.

Recentadvancesin high-throughputtechniquesenablegenotyp-
ing SNPsin genome-widescale,resultingin large datasetscon-
taining thousandsto hundredsof thousandsof SNPs[1, 3]. The
vastnumberof SNPshasposedgreatcomputationalchallengeto
genome-wideassociationstudy. In order to understandthe un-
derlyingbiologicalmechanismsof complex phenotype,oneneeds
to considerthe joint effect of multiple SNPssimultaneously. Al-
thoughtheideaof studyingtheassociationbetweenphenotypeand
multiple SNPsis straightforward, the implementationis nontriv-
ial. For a studywith total N SNPs,in order to �nd the associa-
tion betweenn SNPsand the phenotype,a brute-forceapproach
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Figure 1: Examplesof associationsbetweena phenotypeand
two differ ent SNPs

is to exhaustively enumerateall
�

N
n �

possibleSNP combinations
andevaluatetheir associationswith thephenotype.Thecomputa-
tional burdenimposedby this enormoussearchspaceoftenmakes
thecompletegenome-wideassociationstudyintractable.

Thecomputationalchallengeof genome-wideassociationstudy
is further compoundedby anotherwell-known statisticalproblem
– themultiple testingproblem[14]. Themultiple testingproblem
canbedescribedasthepotentialincreasein TypeI errorwhensta-
tistical testsare performedmultiple times. Let � be the Type I
error for eachindependenttest. If n independentcomparisonsare
performed,theexperimental-wiseerror� 0 is givenby

� 0 = 1 � (1 � � )n :

For example,when� = 0:05 andn = 20, � 0 = 1 � 0:9520 =
0:64. We have 64%probability to getat leastonespuriousresult.
Determiningthestatisticalsigni�canceof theassociationbetween
thephenotypeandSNPsis crucial.Bonferronicorrectionbasedon
theassumptionthatall n testsareindependentis too conservative
for thegenome-wiseassociationstudiessinceSNPsareoftencorre-
lated. Alternatively, permutationprocedurecanbeusedandmuch
preferredin associationstudieswhich automaticallytakesthecor-
relationstructureof SNPsinto consideration.

The ideaof permutationis to randomlypermutethe phenotype
hundredsto thousandsof times. For eachpermutatedphenotype,
theassociationanalysiswill berepeated.Thenthenull distribution
of the teststatisticsis estimatedandusedto assessthe statistical
signi�canceof the�ndings from theoriginal phenotype.However,
permutationtest is very time-consumingsincethe testprocedure
needstobeperformedin all permutationsin orderto �nd thethresh-
old.

Algorithm developmentto supporttheselarge scaleanalysisis
still in its infancy stage.Most existing work focuseson studying
theassociationbetweenthephenotypeandSNP-pairsandcanonly
handlea smallnumberof SNPs.Givena pair of SNPs,thepheno-
typevaluescanbepartitionedinto atmostfour groupsby thegeno-
typeof theSNP-pair, i.e.,00,01,10,and11. SinceeachSNPhasa
distinct locationon thegenome,theassociationstudyof a pheno-
typeandSNP-pairsis alsocalledtwo-locusassociationmapping.
Important�ndings areappearingin theliteraturefrom studyingthe
associationbetweenphenotypesandSNP-pairs[21, 22,27].

Although the standardANOVA test has beena valuabletool
to �nd associationbetweenSNP-pairsand phenotype,it is usu-
ally not performedin genome-widescale. This is dueto the fact
thatthesearchspaceof two-locusassociationmappingin genome-
widescaleprohibitsanexhaustivesearch.Supposethatthedataset
consistsof N SNPsand the numberof permutationsis K . The

total numberof ANOVA testsis K N (N � 1)=2. Given a mod-
eratenumberof SNPsN = 10; 000 andnumberof permutations
K = 1; 000, the numberof ANOVA testsis around5 � 1010 .
Therefore,ANOVA testis oftenreservedfor validatinga smallset
of candidatesidenti�ed by othermethods[17, 25].

In this paper, we examinethecomputationalaspectof ANOVA
test.Wepresentanef�cient algorithm,FastANOVA, andshow that
thestandardANOVA testcanbeappliedin genome-widescalefor
two-locusassociationmappingeven whenthe permutationproce-
dureis needed.Unlikealgorithmsapplyingheuristics,FastANOVA
is a completealgorithm,i.e., it guaranteesto �nd theoptimalsolu-
tion, thoughit doesnot explicitly examineall possibleSNP-pairs.
In fact,alargeportionof theSNP-pairsareprunedwithouttheneed
of performingthe tests. FastANOVA establishesan upperbound
on thetwo-locusANOVA test.Theupperboundis thesumof two
terms:onebasedontheANOVA testbetweenphenotypeandasin-
gle SNP, andthe otherbasedon the pair-wise SNPgenotypeand
theorderedphenotypevalues.This formulationof theupperbound
allows the algorithmto calculatethe boundfor a large numberof
SNPstogether, which enablesfastcandidateretrieval. Moreover,
theintermediateresultsfor calculatingthesecondtermof theupper
boundis independentof phenotypepermutations.Hencethey only
needto be computedonceandcanbe reusedin all permutations.
Applying this bound,FastANOVA is able to identify SNP-pairs
with signi�cant ANOVA testvaluesusingonly a small fractionof
thetimerequiredby performingANOVA testonall SNP-pairs.The
principlesdevelopedin FastANOVA arealsoapplicableto thegen-
eralcaseof testingSNPsubsetscontainingmorethantwo SNPs.

2. RELATED WORK
The problemof phenotype-SNPassociationstudyhasattracted

extensiveresearchinterestsandis anongoingresearchareain biol-
ogy andstatisticcommunities.In this section,we give a brie�y re-
view of therelatedwork from acomputationalpointof view. Please
referto [4, 7, 11] for excellentsurveysof existingwork.

Underthe assumptionthat the numberof SNPsis limited, e.g.,
from tensto a few hundreds,exhaustive algorithmsthatexplicitly
enumerateall possibleSNPcombinationsandevaluatetheir asso-
ciationswith the phenotypehave beendeveloped[16, 19]. These
methodsarenotwell adaptedto genome-wideassociationstudy.

To avoid exhaustively enumeratingthesearchspace,a common
approachis to break the probleminto two steps[8, 10]. First,
a subsetof importantSNPsareselected.Second,within the se-
lectedsubset,the associationbetweenSNPsand the phenotypes
aresearched.ThesemethodsarenotcompletesincetheSNPswith
weakmarginal effectsmay not be selectedin the �rst place. Ge-
netic algorithm[5, 15] hasbeenappliedin �nding SNP-pairsfor
quantitative phenotypes.Thesemethodscannotguaranteeto �nd
theoptimalsolution.

Featureselectionmethods[13] have beenproposedto address
the problemof �nding importantSNPs. In featureselection,the
selectedfeaturesubsetusuallycontainsfeaturesthathave low cor-
relationwith eachotherbut have strongcorrelationwith thetarget
feature. In the applicationof selectingSNPs,the goal is to select
a subsetof SNPsthat canbe usedasproxiesfor all SNPsin the
genome[9, 23]. TheselectedSNPscanthenbeusedasthe input
SNPsin theassociationstudy. Apparently, thesemethodsarealso
not complete.

3. TWO-LOCUS ANOVA TEST
Let f X 1 ; X 2 ; � � � ; X N g be the set of SNPsof M individuals

(X i 2 f 0; 1g; 1 � i � N ) andY = f y1 ; y2 ; � � � ; yM g be the



X i = 1 X i = 0
groupA groupB

(a)Groupingof Y by X i

X i = 1 X i = 0
X j = 1 groupa1 groupb1
X j = 0 groupa2 groupb2

(b) Groupingof Y by X i X j

Table 1: Possiblegroupings of phenotypevaluesby the geno-
typesof X i and (X i X j )

quantitative phenotypeof interest,whereym (1 � m � M ) is the
phenotypevalueof individualm.

For any SNP X i (1 � i � N ), we representthe F-statistic
from the ANOVA testof X i andY asF (X i ; Y ). For any SNP-
pair (X i X j ), we representtheF-statisticfrom theANOVA testof
(X i X j ) andY asF (X i X j ; Y ).

The basicidea of ANOVA test is to partition the total sum of
squareddeviationsSST into between-groupsumof squareddevia-
tionsSSB andwithin-groupsumof squareddeviationsSSW :

SST = SSB + SSW :

In our applicationof two-locusassociationstudy, Table1(a) and
Table1(b)show thepossiblegroupingsof phenotypevaluesby the
genotypesof X i and(X i X j ) respectively.

LetA, B , a1 , a2 , b1 , b2 representthegroupsasindicatedin Table
1(a)andTable1(b). We useSSB (X i ; Y ) andSSB (X i X j ; Y ) to
distinct the onelocus(i.e., single-SNP)andtwo locus(i.e., SNP-
pair) analyses.Speci�cally, wehave

SST (X i ; Y ) = SSB (X i ; Y ) + SSW (X i ; Y );

SST (X i X j ; Y ) = SSB (X i X j ; Y ) + SSW (X i X j ; Y ):

TheF-statisticsfor ANOVA testsonX i and(X i X j ) are:

F (X i ; Y ) =
M � 2

2 � 1
�

SSB (X i ; Y )

SST (X i ; Y ) � SSB (X i ; Y )
; (1)

F (X i X j ; Y ) =
M � g

g � 1
�

SSB (X i X j ; Y )

SST (X i X j ; Y ) � SSB (X i X j ; Y )
; (2)

whereg in Equation(2) is thenumberof groupsthat thegenotype
of (X i X j ) partitionstheindividualsinto. Possiblevaluesof g are
3 or 4, assumingall SNPsaredistinct: If noneof groupsA, B ,
a1 , a2 , b1 , b2 is empty, theng = 4. If oneof themis empty, then
g = 3.

Let T = �

y m 2 Y

ym be the sum of all phenotypevalues. The

total sumof squareddeviationsdoesnot dependon thegroupings
of individuals:

SST (X i ; Y ) = SST (X i X j ; Y ) = �

y m 2 Y

y2
m �

T 2

M
:

Let Tgr oup = �

y m 2 gr oup

ym be thesumof phenotypevaluesin

a speci�c group,andngr oup be the numberof individualsin that
group.SSB (X i ; Y ) andSSB (X i X j ; Y ) canbecalculatedasfol-
lows:

SSB (X i ; Y ) =
T 2

A

nA
+

T 2
B

nB
�

T 2

M
;

SSB (X i X j ; Y ) =
T 2

a1

na1

+
T 2

a2

na2

+
T 2

b1

nb1

+
T 2

b2

nb2

�
T 2

M
:

Note that for any groupof A, B , a1 , a2 , b1 , b2 , if ngr oup = 0,

then
T 2

gr oup

ngr oup
is de�ned to be0.

Thetwo-locusassociationmappingwith permutationtestis typ-
ically conductedin thefollowing way [18].

First, for every SNP-pair(X i X j ) (1 � i < j � N ), the
ANOVA testis performedandF (X i X j ; Y ) is recorded.

Second,apermutationtestis performedto geta referencedistri-
butionin orderto assessthestatisticalsigni�canceof previous�nd-
ings.Morespeci�cally, apermutationYk of Y is generatedby sam-
pling thephenotypeY without replacement.In otherwords,phe-
notypevaluesarerandomlyassignedto individuals in the dataset
with no singlephenotypevaluebeingassignedto more thanone
individual. Let Y 0 = f Y1 ; Y2 ; � � � ; YK g bethesetof K permuta-
tionsof Y . For eachpermutationYk 2 Y 0, let FYk representthe
maximumF-statisticvalueof all SNP-pairs,i.e.,

FYk = maxf F (X i X j ; Yk )j1 � i < j � N g:

The distribution of f FYk jYk 2 Y 0g is thenusedasthe reference
distributionfor assessingthestatisticalsigni�canceof F (X i X j ; Y )
valuesfound usingthe original phenotypeY : Given a Type I er-
ror threshold� , the critical valueF � is the � K -th largestvalue
in f FYk jYk 2 Y 0g. For example,supposethat � = 0:01 and
K = 1000, thenF � is the10th largestvaluein f FYk jYk 2 Y 0g.
TheSNP-pair(X i X j ) whoseF-statisticvalueF (X i X j ; Y ) � F�

is consideredassigni�cant at � .
Two computationalproblemsneedto besolvedin thisprocedure.

The�rst oneis to �nd thecritical valueF � for agivenTypeI error
threshold� . Thesecondoneis to �nd all SNP-pairs(X i X j ) whose
F-statisticsaregreaterthanF � . We formalizethesetwo problems
asfollows.

Problem(1): GiventheTypeI errorthreshold� , �nd thecritical
valueF� , which is the� K -th largestvaluein f FYk jYk 2 Y 0g.

Problem(2): GiventhethresholdF � , �nd all SNP-pairs(X i X j )
suchthatF (X i X j ; Y ) � F� .

A bruteforceapproachto thesetwo problemsis to enumerateall
SNP-pairsand�nd their F-statistics.In Problem(1), for eachper-
mutationYk 2 Y , all SNP-pairsneedto beenumeratedin orderto
�nd themaximumvalueFYk . In Problem(2),all SNP-pairsneedto
beenumeratedto seeif their testvaluesareabovethethresholdF � .
Computationally, Problem(1) is morechallenging,sincethe per-
mutationnumberK canrangeform hundredsto thousands,which
meanstherunningtimeof �nding thecritical valueF � canbehun-
dredsto thousandstimeslongerthantherunningtimeof �nding the
signi�cant SNP-pairsin Problem(2) usingabrute-forcesearch.

In the reminderof thepaper, we �rst derive anupperboundon
two-locusANOVA test value and discusshow this upperbound
enablesanef�cient ANOVA testingfor a singlephenotype.Then
we show how this approachcanbe easilyextendedto handlethe
permutationprocedure.

4. THE UPPERBOUND

4.1 Updating F-Statistic
Sincethetotal sumof squareddeviationsdoesnot change,from

thecalculationof F (X i ; Y ) andF (X i X j ; Y ) (Equations(1) and
(2)),weknow thattherelationshipbetweenthesetwo testsonly de-
pendsontherelationshipbetweenSSB (X i ; Y ) andSSB (X i X j ; Y ).
Next weshow thatSSB (X i X j ; Y ) canbeupdatedfromSSB (X i ; Y ).



For groupsA, a1 anda2 , let

� A =
T 2

a1

na1

+
T 2

a2

na2

�
T 2

A

nA

=
na2 T 2

a1 + na1 T 2
a2

na1 na2

�
(Ta1 + Ta2 )2

na1 + na2

=
(na2 Ta1 � na1 Ta2 )2

na1 na2 nA

=
(nA Ta1 � na1 TA )2

na1 (nA � na1 )nA
:

Similarly, wehave

� B =
T 2

b1

nb1

+
T 2

b2

nb2

�
T 2

B

nB
=

(nB Tb1 � nb1 TB )2

nb1 (nB � nb1 )nB
:

Thus,SSB (X i X j ; Y ) canbeupdatedusingSSB (X i ; Y ):

SSB (X i X j ; Y ) = SSB (X i ; Y ) + � A + � B : (3)

Notethatif any oneof f na1 ; na2 ; nA g is 0, then� A = 0. Sim-
ilarly, if any oneof f nb1 ; nb2 ; nB g is 0, then� B = 0.

Next, we developanupperboundof SSB (X i X j ; Y ). We �rst
show thederivationof anupperboundof � A . A similar ideacan
beappliedto �nd anupperboundof � B .

4.2 Boundsof � A and � B
Let f ym jym 2 Ag = f yA 1 ; yA 2 ; � � � ; yA n A

g bethephenotype
valuesin groupA. Without lossof generality, assumethat these
phenotypevaluesarearrangedin ascendingorder, i.e.,

yA 1 � yA 2 � � � � � yA n A
:

Thederivativeof � A with respectto Ta1 is:

d� A
dTa1

=
2nA (nA Ta1 � na1 TA )

na1 (nA � na1 )nA
:

Thuswehave

� A monotonically

��

�

��

increases if Ta1 �
na1 TA

nA
;

decreases if Ta1 �
na1 TA

nA
:

Wehave therangeof Ta1 :

Ta1 2 [la1 ; ua1 ] = [
n a 1

�

i =1

yA i ;
n A

�

i = n A � n a 1 +1

yA i ]:

The maximum value of � A is attainedwhen Ta1 = la1 or
Ta1 = ua1 , i.e.,

� A �
maxf (nA la1 � na1 TA )2 ; (nA ua1 � na1 TA )2g

na1 (nA � na1 )nA
: (4)

WeuseR1(X i X j Y ) to denotethisupperbound.
Let f ym jym 2 B g = f yB 1 ; yB 2 ; � � � ; yB n B

g bethephenotype
valuesin groupB . Without lossof generality, assumethat these
phenotypevaluesarearrangedin ascendingorder, i.e.,

yB 1 � yB 2 � � � � � yB n B
:

Similarly, wecanderive theboundon � B :

� B �
maxf (nB lb1 � nb1 TB )2 ; (nB ub1 � nb1 TB )2g

nb1 (nB � nb1 )nB
: (5)

Symbols Formulas

la1 �

n a 1
i =1 yA i

ua1 �

n A
i = n A � n a 1 +1 yA i

R1(X i X j Y )
maxf (nA la1 � na1 TA )2 ; (nA ua1 � na1 TA )2g

na1 (nA � na1 )nA

lb1 �

n b1
i =1 yB i

ub1 �

n B
i = n B � n b1

+1 yB i

R2(X i X j Y )
maxf (nB lb1 � nb1 TB )2 ; (nB ub1 � nb1 TB )2g

nb1 (nB � nb1 )nB

Table2: Notations for the boundson � A and � B

We useR2(X i X j Y ) to denotethis upperbound. Thesymbols
usedin Inequalities(4) and(5) aresummarizedin Table2.

FromEquation(3), Inequalities(4) and(5), we have theoverall
upperboundonSSB (X i X j ; Y ):

THEOREM 4.1. (Upperboundof SSB (X i X j ; Y ))

SSB (X i X j ; Y ) � SSB (X i ; Y ) + R1(X i X j Y ) + R2(X i X j Y ):

PROPERTY 4.2. Theupperboundin Theorem4.1is tight.

The tightnessof the bound is obvious from the derivation of
the upperbound, since thereexists somegenotypeof SNP-pair
(X i X j ) that makes the equality hold. For the samereason,we
have thefollowing property.

PROPERTY 4.3. Theupperboundin Theorem4.1 doesnot ex-
ceedsthetotal sumof squareddeviations,i.e.,

SSB (X i ; Y ) + R1(X i X j Y ) + R2(X i X j Y ) � SST (X i X j ; Y ):

5. THE FASTANOVA ALGORITHM
In this section,we show how our algorithm FastANOVA uti-

lizestheupperboundin Theorem4.1to achieveef�cient two-locus
ANOVA testing.In Section5.1,we describethemethodfor Prob-
lem (2) discussedin Section3, thatis, giventhethresholdF � , �nd
all SNP-pairswhoseF-statisticsaregreaterthanF � . Thenin Sec-
tion 5.2,wediscusshow FastANOVA performsin permutationpro-
cedure,i.e., thescenarioof Problem(2) in Section3.

5.1 OnePhenotype
GiventhethresholdF � , to �nd all SNP-pairswhoseF-statistics

aregreaterthanF � , abrute-forceapproachis toenumerateall SNP-
pairs. To expeditethis process,we employ the inequalityin The-
orem4.1 to pruneSNPpairsthat will have no chanceto passthe
signi�cancethresholdF � . FromEquation(2), we know that �nd-
ing SNP-pairs(X i X j ) whoseF-statisticsF (X i X j ; Y ) � F� is
equivalentto �nding SNP-pairssatisfying

SSB (X i X j ; Y ) �
SST (X i ; Y )

M � g
( g� 1) F �

+ 1
= � :

Theorem4.1suggeststhatweonly needto computetheF-statistics
for theSNP-pairsthatsatisfy:

SSB (X i ; Y ) + R1(X i X j Y ) + R2(X i X j Y ) � � :

We referto theseSNP-pairsascandidateSNP-pairs.
Wenow discusshow to applytheupperboundin Theorem4.1in

detail. Thesetof all SNP-pairsis partitionedinto non-overlapping
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Figure 2: The index array Ar r ay(X i ) for ef�cient retrieval of
the candidateSNP-pairs

groupssuchthat the upperboundcanbe readily appliedto each
group. For every X i (1 � i � N ), let AP (X i ) be the set of
SNP-pairs

AP (X i ) = f (X i X j )ji + 1 � j � N g:

For all SNP-pairsin AP (X i ), nA , TA , nB , TB andSSB (X i ; Y )
areconstants.Moreover, la1 , ua1 aredeterminedby na1 , andlb1 ,
ub1 are determinedby nb1 . Therefore,in the upperbound,na1

andnb1 aretheonly variablesthatdependonX j andmayvary for
differentSNP-pairs(X i X j ) in AP (X i ).

Notethatna1 is thenumberof 1's in X j whenX i takesvalue1,
andnb1 is thenumberof 1'sin X j whenX i takesvalue0. It is easy
to prove thatswitchingna1 andna2 doesnotchangetheF-statistic
valueandthe correctnessof the upperbound. This is alsotrue if
we switchnb1 andnb2 . Therefore,without lossof generality, we
canalwaysassumethatna1 is thesmalleronebetweenthenumber
of 1's andnumberof 0's in X j whenX i takesvalue1, andnb1

is thesmalleronebetweenthenumberof 1's andnumberof 0's in
X j whenX i takesvalue0. The following propertyspeci�es the
valuesthatna1 andnb1 cantake. Theproof is straightforwardand
omittedhere.

PROPERTY 5.1. If therearem 1'sand(M � m) 0'sin X i , then
for any(X i X j ) 2 AP (X i ), thepossiblevaluesthat na1 cantake
are f 0; 1; 2; � � � ; bm=2cg. Thepossiblevaluesthat nb1 can take
are f 0; 1; 2; � � � ; b(M � m)=2cg.

To ef�ciently retrieve the candidates,the SNP-pairs(X i X j ) in
AP (X i ) aregroupedby their (na1 ; nb1 ) valuesandindexed in a
2D array, referredto asAr r ay(X i ).

EXAMPLE 5.2. Supposethat there are 32 individuals,and the
genotypeof X i consistsof half 0's and half 1's. Thus for the
SNP-pairs in AP (X i ), the possiblevaluesof na1 and nb1 are
f 0; 1; 2; � � � ; 8g. Figure 2 showsthe 9 � 9 array, Ar r ay(X i ),
whoseentriesrepresentthe possiblevaluesof (na1 ; nb1 ) for the
SNP-pairs (X i X j ) 2 AP (X i ). Theentriesin the samecolumn
havethesamena1 value. Theentriesin thesamerowhavethesame
nb1 value. Thena1 valueof each columnis notedbeneatheach
column.Thenb1 valueof each row is notedleft to each row. Each
entryof thearrayis a pointerto theSNP-pairs(X i X j ) 2 AP (X i )
havingthecorresponding(na1 ; nb1 ) values.

Notethat for a SNP-pair(X i X j ) 2 AP (X i ), na1 andna2 can
becalculatedfasterthanperformingthetwo-locusANOVA test.To
obtainna1 andna2 , we only needto countthenumbersof 0's and
1's of X j whenX i is equalto 0 and1 respectively, which canbe
doneby a linearscanof theM � 2 binarymatrix consistingof the

Algorithm 1: FastANOVA (nophenotypepermutation)

Input : SNPsX 0 = f X 1 ; X 2 ; � � � ; X N g, phenotypeY , and
thresholdF �

Output : �nd thesetof SNP-pairsResult(Y ) =
f (X i X j )jF (X i X j ; Y ) � F� ; 1 � i < j � N g

for everyX i 2 X 0, do1
index (X i X j ) 2 AP (X i ) by Ar r ay(X i );2

accessAr r ay(X i ) to �nd thecandidateSNP-pairsand3

storethemin Cand(X i ; Y );
for every(X i X j ) 2 Cand(X i ; Y ) do4

if F (X i X j ; Y ) � F� then5
Result(Y )  (X i X j );6

end7
end8

end9

returnResult(Y ).10

genotypesof X i andX j . In contrast,to calculatethe F-statistic,
we�rst needto scantheM � 3 binarymatrixconsistingof X i , X j

andY in orderto �nd out how the phenotypevaluesaregrouped
by thegenotypeof (X i X j ). ThenaconstanttimeO(t) is required
to computetheF-statistic.

PROPERTY 5.3. For anySNPX i , themaximumnumberof the

entriesin Ar r ay(X i ) is (d
M
4

e+ 1)2 .

Theproofof Property5.3is straightforwardandomittedhere.In
orderto �nd candidateSNP-pairs,wescanall entriesin Ar r ay(X i )
to calculatetheir upperbounds. Sincethe SNP-pairsindexed by
thesameentrysharethesame(na1 ; nb1 ) value,they havethesame
upperbound. In this way, we cancalculatethe upperboundfor
a groupof SNP-pairstogether. Note that for typical genome-wide
associationstudies,thenumberof individualsM is muchsmaller
thanthenumberof SNPsN . Therefore,theadditionalcostfor ac-
cessingAr r ay(X i ) is minimal comparedto performingANOVA
testsfor all pairs(X i X j ) 2 AP (X i ).

Algorithm 1 describestheFastANOVA algorithmfor �nding the
SNP-pairswhoseF-statisticsare greaterthan the thresholdF � .
The inputs of FastANOVA include the N SNPs,the phenotype
Y and the critical value F � . For eachX i , FastANOVA �rst in-
dexes(X i X j ) 2 AP (X i ) usingAr r ay(X i ). Thenit retrievesthe
candidateSNP-pairsby accessingAr r ay(X i ) andrecordsthemin
Cand(X i ; Y ). Thecandidatesin Cand(X i ; Y ) arethenevaluated
for their F-statistics.ThecandidateswhoseF-statisticsaregreater
thanor equalto F � arereportedby thealgorithm.

5.2 Permutation Procedure
For multipletests,permutationprocedureis oftenusedin genetic

analysisfor controlling family-wiseerror rate. For genome-wide
associationstudy, permutationis lesscommonlyusedbecauseit
oftenentailsprohibitively longcomputationtime. OurFastANOVA
algorithmmakespermutationprocedurefeasiblein genome-wide
associationstudy.

Let Y 0 = f Y1 ; Y2 ; � � � ; YK g betheK permutationsof thephe-
notypeY . Following the ideadiscussedin Section5.1, the upper
boundin Theorem4.1 canbeeasilyincorporatedin thealgorithm
to handlethepermutations.

PROPERTY 5.4. For everySNPX i , theindexingstructure
Ar r ay(X i ) is independentof thepermutedphenotypesin Y 0.

The correctnessof this propertyrelieson the fact that, for any
(X i X j ) 2 AP (X i ), na1 andnb1 only dependon the genotype



Algorithm 2: FastANOVA (for permutationtest)

Input : SNPsX 0 = f X 1 ; X 2 ; � � � ; X N g, phenotype
permutationsY 0 = f Y1 ; Y2 ; � � � ; YK g, andtheTypeI
error�

Output : �nd thecritical valueF �

T l ist  � K dummyphenotypepermutationswith1
F-statistics0 ;
F� = 0;2

for everyX i 2 X 0, do3
index (X i X j ) 2 AP (X i ) by Ar r ay(X i );4

for everyYk 2 Y 0, do5
accessAr r ay(X i ) to �nd thecandidateSNP-pairs6

andstorethemin Cand(X i ; Yk );
for every(X i X j ) 2 Cand(X i ; Yk ) do7

if F (X i X j ; Yk ) � F� then8
updateT l ist ;9
F� = thesmallesttestvaluein T l ist ;10

end11
end12

end13
end14
returnF� .15

of the SNP-pairandthusremainconstantfor differentphenotype
permutations.Therefore,for eachX i , oncewe build Ar r ay(X i ),
it canbereusedin all permutations.

The FastANOVA algorithmfor permutationtestis describedin
Algorithm 2. The inputsincludethe N SNPs,K phenotypeper-
mutations,andtheTypeI errorthreshold� . Thegoalis to �nd the
critical valueF � , which is the � K -th largestvaluein f FYk jYk 2
Y 0g. RecallthatFYk is themaximumF-statisticvaluefor pheno-
type Yk . We useT l ist to keepthe � K phenotypepermutations
having the largestF-statisticsfound by the algorithmso far. Ini-
tially, T l ist contains� K dummy phenotypepermutationswith
test values0. The smallestF-statisticvalue in T l ist , initially 0,
is usedas the thresholdto prune the SNP-pairs. For eachX i ,
FastANOVA �rst indexes(X i X j ) 2 AP (X i ) usingAr r ay(X i ).
Thenit �nds thesetof candidateSNP-pairsCand(X i ; Yk ) by ac-
cessingAr r ay(X i ) for everyphenotypepermutationYk . Thecan-
didatesin Cand(X i ; Yk ) arethenevaluatedfor theirF-statistics.If
a candidate's F-statisticvalueis greaterthanthecurrentthreshold,
thenT l ist is updatedaccordingly:If thecandidate'sphenotypeYk

is not in theT l ist , thenthephenotypein T l ist having thesmall-
estF-statisticvalueis replacedby Yk . If thecandidate'sphenotype
Yk is alreadyin T l ist , we only needto updateits corresponding
F-statisticvalueto bethemaximumvaluefoundfor thephenotype
so far. The thresholdis alsoupdatedto be the smallestF-statistic
valuein T l ist .

5.3 Complexity Analysis
In this section,we studythetime andspacecomplexities of the

FastANOVA algorithmfor permutationtest. Thecomplexity for a
singlephenotypecanbeanalyzedin asimilarway.

Time complexity: For eachX i , FastANOVA needsto index
(X i X j ) in AP (X i ). Thecomplexity to build the indexing struc-
turefor all SNPsis O(N (N � 1)M =2). Theworstcasefor access-
ing all Ar r ay(X i ) for all permutationsis O(N � K � (dM

4 e +
1)2) = O(N K M 2). Let C =

� i;k jCand(X i ; Yk )j represent
thetotalnumberof candidates.Theoverall timecomplexity of Fas-
tANOVA is thusO(N (N � 1)M =2) + O(N K � (dM

4 e+ 1)2) +
O(

� i;k jCand(X i ; Yk )jM ) = O(N 2M + N K M 2 + CM ). The
experimentalresultsshow that theoverheadof building theindex-

ing structuresandaccessingthemfor candidateretrieval arenegli-
gible whenlargepermutationtestsareneeded.Note that the time
complexity of thebrute-forceapproachis O(K N (N � 1)M =2) =
O(K N 2M ).

Spacecomplexity: Thetotal numberof variablesin thedataset,
includingtheSNPsandthephenotypepermutations,is N + K . The
maximumspaceof theindexingstructureAr r ay(X i ) isO((dM

4 e+
1)2 + N ). Notethatfor eachSNPX i , FastANOVA only needsto
accessone indexing structure,Ar r ay(X i ), for all permutations.
Oncethe evaluationprocessfor X i is donefor all permutations,
Ar r ay(X i ) canbeclearedfrom thememory. Therefore,thespace
complexity of FastANOVA is O((N + K )M ) + O((dM

4 e+ 1)2 +
N ) = O((N + K )M ) sinceM � N . Thespacecomplexity is
linearto thedatasetsize.

6. EXPERIMENT AL RESULTS
In thissection,wepresentextensiveexperimentalresultsoneval-

uatingtheperformanceof theFastANOVA algorithm.Weshow (1)
the runtimecomparisonbetweenFastANOVA andthebrute-force
approachundervariousexperimentalsettings,(2) the punningef-
fect of theupperbound,and(3) therelative computationalcostof
eachcomponentof FastANOVA. FastANOVA is implementedin
C++. The experimentsareperformedon a 2.4 GHz PC with 1G
memoryrunningWindowsXPsystem.

Dataset: TheSNPdatasetusedfor theexperimentsis extracted
from a set of combinedSNPsfrom the 140k Broad/MIT mouse
dataset[26] and10k GNF [2] mousedataset.This mergeddataset
has156,525SNPsfor 71 individuals. The missingvaluesin the
datasetareimputedusingNPUTE [20]. We useboth real pheno-
typesandsyntheticphenotypesin our experiments.The realphe-
notypedatais availablefrom theJacksonLab [3].

6.1 RealPhenotypes
We usethreereal phenotypesin our experiments:cardiovascu-

lar (bloodpressure),metabolism(waterintake), andneurosensory
(acousticstartleresponse).Table3 showsthestatisticsof thegeno-
typedatasetscorrespondingto the threephenotypes.The number
of SNPsin thetableindicatesthenumberof uniqueSNPsin each
genotypedataset.

cardiovascular metabolism neurosensory
# individuals 19 26 34

# SNPs 14,513 43,856 66,006

Table3: Statisticsof the genotypedatasets

We �rst show theresultson �nding thecritical valueF � , which
is more time-consumingthan �nding the signi�cance SNP-pairs
giventhecritical valueF � for asinglephenotype.

6.1.1 Findingcritical valueF �

FastANOVA v.s. the brute-forceapproach We compareFas-
tANOVA with thebrute-forceapproachundervariousexperimental
settings. Sincethe brute-forceapproachis very time-consuming,
we usea moderatenumberof SNPsandpermutationsin the de-
fault settingin order to show the performancecomparisons.The
default settingis asfollows: TheTypeI errorthreshold� = 0:01.
Thenumberof permutationsis 100.Thenumberof SNPis 10,000
for the two larger datasetsof metabolismand neurosensory, and
2,900for thecardiovascularSNPdataset.Theseexperimentalset-
tingsarechosento demonstratetheperformancegainandenhanced
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Figure5: PerformancecomparisonbetweenFastANOVA and the brute-forceapproachwhenvarying the number of permutations

scalabilityofferedby FastANOVA over thebrute-forceimplemen-
tation.FastANOVA canhandlemuchlargerSNPpanelsandlarger
numberof permutationtests. The performanceof FastANOVA is
expectedto follow the sametrendspresentedin the remainderof
thissection.

Figures3, 4, and5 show the runningtime comparisonof Fas-
tANOVA andthebrute-forceapproachon thethreegenotypephe-
notypedatasetsusingdifferentsettings.They-axis is in logarithm
scale. The numbersabove the runtime line of FastANOVA indi-
catetheratio of theruntimesof thebrute-forceapproachover Fas-
tANOVA. We terminatetheprogramsthathave run over 72 hours
withoutcompletion.

Figure3 shows the runtimecomparisonwhenvarying theType
I error thresholds.For eachdataset,theruntimeof thebrute-force
approachdoesnot changeover differentType I error thresholds.
Theruntimeof FastANOVA decreasesasthe thresholddecreases.
FastANOVA offers218fold speedupwhen� = 0:05 and293fold
speedupwhen� = 0:01oncardiovasculardataset.Wecanalsoob-

serveasimilartwo-orders-of-magnitudespeedupin themetabolism
andneurosensorydatasets.This is consistentwith thepruningef-
fect of theupperbound,which will bepresentedlater in this sec-
tion. In general,the lower the Type I error threshold,the more
powerful thepruningeffect,hencethefasterthealgorithm.

Figure4 depictsthe comparisonof thesetwo approacheswhen
the numberof SNPschanges.From these�gures, it is clear that
FastANOVA is abouttwo ordersof magnitudefasterthanthebrute-
forceapproach.Thebrute-forceapproachcannot�nish in 72hours
whenthenumberof uniqueSNPsisgreaterthan26kin themetabolism
datasetandgreaterthan24k in the neurosensorydataset.We ob-
serve that the runtimeratio tendsto increase(approachingthree-
orders-of-magnitudespeedup)as the numberof SNPsincreases.
This indicatesthat the performancegain of FastANOVA is even
higherfor largerSNPdatasets.

Figure5 showstheruntimecomparisonwhenthenumberof phe-
notypepermutationschanges.The runtimeof the brute-forceap-
proachis linear with respectto the numberof permutations.Fas-



cardiovascular metabolism neurosensory
0.05 99:881% 99:724% 99:701%
0.04 99:907% 99:758% 99:751%

� 0.03 99:928% 99:797% 99:792%
0.02 99:949% 99:877% 99:853%
0.01 99:974% 99:929% 99:911%
1st 99:974% 99:929% 99:911%
2nd 99:991% 99:985% 99:979%

# SNPs 3rd 99:996% 99:996% 99:997%
4th 99:998% 99:996% 99:997%
5th 99:998% 99:993% 99:998%
100 99:974% 99:929% 99:911%
200 99:966% 99:935% 99:917%

# Perm. 300 99:977% 99:962% 99:919%
400 99:977% 99:961% 99:914%
500 99:974% 99:953% 99:907%

Table 4: Pruning effects on cardiovascular, metabolism and
neurosensorydatasetswhen �nding critical valueF �

tANOVA is consistentlytwo ordersof magnitudefasterthan the
brute-forceapproach.Theperformancegap increasesasthenum-
berof permutationsincreases.

Pruning effectof the upper bound Table4 shows thepercent-
ageof SNP-pairsprunedunderdifferentexperimentalsettings.Since
the threedatasetshave differentnumbersof SNPs,the 1st to 5th
rows in the category of "# SNPs"correspondto the settingsfrom
left to right on x-axisin eachplot in Figure4. Most SNP-pairsare
prunedunderall settings.Moreover, astheType I error threshold
� decreases,the pruningratio increases,which is consistentwith
runtimecomparisonshown in Figure3. As the numberof SNPs
increases,the pruningratio also increases.This is because,with
moreSNPs,thedynamicthresholdusedto prunethesearchspace
becomeshigher. Hencea largerportionof SNPsarepruned.This
is consistentwith resultsshown in Figure4. Note that from Table
4 we observe that the pruningratio tendsto remainsteadywhen
thenumberof permutationschanges.However, weobservethatthe
runtime ratio increasesas the numberof permutationsincreases.
The reasonfor thesetwo different trendswill becomeclearafter
we show theresultson thecomputationalcostof eachcomponent
of FastANOVA in thenext subsection.

6.1.2 Findingsigni�cant SNP-pairs
In thissubsection,westudythecomparisonbetweenFastANOVA

andthebrute-forceapproachin �nding signi�cant SNP-pairsgiven
acritical valueF � . Only theoriginalphenotype(withoutpermuta-
tions) is usedin this procedure.We examinethe detailedcompu-
tationcostof eachcomponentof theFastANOVA algorithm. Fas-
tANOVA hasthreemajorcomponents:building theindexing struc-
tureAr r ay(X i ) for every SNPX i , accessingAr r ay(X i ) to �nd
the candidateSNP-pairs,and performingANOVA testson these
candidates.

Dueto spacelimitation,weonly show theperformancecompari-
sononthemetabolismdataset.Similarbehaviorsarealsoobserved
on the othertwo datasets.The default experimentalsettingis the
sameasbefore. Figure6(a) andFigure6(b) show the runtimeof
thesethreecomponentswhenvaryingtheTypeI errorthresholdand
numberof SNPsin thedatasetrespectively. SinceF � is a function
of � , in Figure 6(a), we plot the runtime with respectto � . In
both �gures, the threelines from the bottomshow the runtimeof
thesethreecomponents.Theruntimeof thebrute-forceapproachis
thetopline. As wecanseefrom thesetwo �gures, performingtwo-
locusANOVA testsoncandidateSNPpairsis two to threeordersof
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Figure 6: Runtime of eachcomponentof FastANOVA v.s. run-
time of the brute-force approach in the processof �nding sig-
ni�cant SNP-pairs

cardiovascular metabolism neurosensory
97:865% 97:844% 98:061%

Table5: Pruning effecton cardiovascular, metabolismand neu-
rosensorydatasetswhen �nding FYk for all permutations

magnitudefasterthanperformingsuchtestsonall SNP-pairs.This
is thebene�t of theupperboundpruningsincemostSNP-pairshave
beenprunedandonly averysmallportionof candidatesneedto be
evaluatedfor their F-statistics.Thecostfor accessingtheindexing
structuresis alsosmall, which demonstratesthe ef�ciency of the
methodintroducedin Section5.1 for candidateretrieval. Among
the threecomponentsof FastANOVA, the most time-consuming
oneis building theindex structures.Yet, its runtimeis only asmall
fractionof the runtimeof performingthe two-locusANOVA tests
on all SNPpairs.Notethat,in permutationtest,building theindex
structuresis a onetime cost. Oncethe index structuresarebuilt,
they canbe reusedin all permutations.Therefore,the amortized
overheadperpermutationdecreaseswhenthenumberof permuta-
tionsincreases.This is why thepruningratio remainssteadyasin
Table4 while the runtimeratio increasesasin Figure5 whenthe
numberof permutationsincreases.

6.1.3 Finding FYk for all permutations
Sometimesthe usersmay be interestedin �nding FYk values

of all phenotypepermutations.In this way, the userscanget the
critical valueF � for any Type I error threshold� rangingfrom 0
to 1, without re-runningthepermutationtestsfor differentthresh-
olds. Recall that, given a set of phenotypepermutationsY 0 =
f Y1 ; Y2 ; � � � ; YK g, FYk = maxf F (X i X j ; Yk )j1 � i < j � N g
is the maximumF-statisticvalue for permutationYk . F� is the
� K -th largestvalue in f FYk jYk 2 Y 0g. In this subsection,we
show the pruningeffect of the upperboundwhenit is appliedto
determineFYk for every Yk (1 � k � K ). Notethat in this case,
for eachpermutationYk , thedynamicthresholdusedto prunethe
searchspaceis the largestF-statisticvalueof Yk identi�ed by the
algorithmsofar.

Table5 shows thepruningratio of applyingtheupperboundto
the threereal phenotypedatasets.The experimentalsettingis the
sameasthedefault settingbefore.As expected,thepruningratios
areslightly lower thanthosein Table4, wheresmallerTypeI error
thresholdsareusedtoprunethesearchspace.However, thepruning
ratioson all threedatasetsarestill above 97%. Moreover, �nding



uniform normal exponential
0.05 96:469% 97:793% 99:335%
0.04 96:888% 98:222% 99:401%

� 0.03 97:695% 98:631% 99:502%
0.02 98:712% 99:072% 99:617%
0.01 99:605% 99:506% 99:737%
10k 99:605% 99:506% 99:737%
22k 99:864% 99:814% 99:924%

# SNPs 34k 99:907% 99:905% 99:967%
46k 99:928% 99:889% 99:965%
58k 99:941% 99:942% 99:963%
100 99:605% 99:506% 99:737%
200 98:891% 99:398% 99:726%

# Perm. 300 98:897% 99:072% 99:780%
400 98:623% 99:315% 99:762%
500 98:709% 99:199% 99:759%
28 99:756% 99:695% 99:893%
30 99:422% 99:577% 99:880%

# indiv. 32 99:605% 99:506% 99:737%
34 99:073% 99:289% 99:773%
36 98:736% 98:832% 99:745%

Table 6: Pruning effect when �nding critical value F � using
thr eesyntheticphenotypes

all FYk providesthe advantagethat we canget the F � valuesfor
all possible� valuesinsteadof just for aspeci�c one.

6.2 SyntheticPhenotypes
To further study the performanceof FastANOVA, we generate

threesyntheticphenotypeswhosevaluesfollow threedifferentdis-
tributions:uniform,standardnormal,andstandardexponentialdis-
tribution. Our purposeis to studythe pruningeffect of the upper
boundunderdifferentphenotypedistributions. Thedefault setting
of the experimentsin this subsectionis as follows: #individuals
= 32, #SNPs=10,000,#permutations=100,� = 0:01. Thereare
60,970uniqueSNPsfor these32 individuals.

Table6 shows thepruningratio of FastANOVA underdifferent
settingsusingpermutationtest. In this table,we alsoincludethe
pruningratio whenthe numberof individualsvaries. We observe
thatthepruningeffectsaresimilarto thatof realphenotypes,which
indicatesthat theupperboundpruningis effective andinsensitive
to differentphenotypedistributions.

7. CONCLUSION AND FUTURE WORK
The large numberof availableSNPsposesgreatcomputational

challengeto the genome-wideassociationstudy. To assessthe
signi�cance of the �ndings, permutationtest is usually required.
Thesefactorsmake the associationstudya very time-consuming
process.Thustools thatcanimprove theef�ciency of theassocia-
tion studyarein demand.

In this paperwe presentanef�cient algorithm,FastANOVA, for
genome-widetwo-locusANOVA test. FastANOVA is a complete
algorithmwhich guaranteesto �nd the optimal solution. Experi-
mentalresultsdemonstratethatFastANOVA is two to threeorders
of magnitudefasterthanthebrute-forcealternative. Theef�ciency
of FastANOVA is gainedfrom two sources. First, it utilizes an
upperboundof thetwo-locusANOVA testvalueto prunea major-
ity of theSNP-pairs.Second,it identi�es andreusescomputation
units that areindependentof the phenotypeandhenceareinvari-
ant in permutationtest. By eliminatingredundantcomputationof
theseinvariantunits,FastANOVA is muchmoreef�cient thanthe
brute-forcemethod.

EventhoughFastANOVA is designedfor two-locusassociation
studyof binarySNPs,theprinciplesusedin FastANOVA aregen-
eral andapplicableto the associationstudyon SNPsubsetscon-
taining more than two SNPs,and the heterozygouscasewhere
SNPsareencodedasf 0; 1; 2g. In our futurework, wewill investi-
gatehow to applytheseprinciplesfor associationstudyconsidering
joint effectsof morethantwo SNPsandtheheterozygouscase.
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