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ABSTRACT

Studyingthe associatiorbetweenquantitatve phenotypgsuchas
heightor weight) andsingle nucleotidepolymorphismgSNPs)is
animportantproblemin biology. To understandinderlyingmecha-
nismsof complex phenotypest is oftennecessaryo considefoint
geneticeffects acrossmultiple SNPs. ANOVA (analysisof vari-
ance)testis routinelyusedin associatiorstudy Important ndings
from studyinggene-gen€SNP-pair)interactionsare appearingn
theliterature.However, the numberof SNPscanbeupto millions.
Evaluatingjoint effectsof SNPsis achallengingaskevenfor SNP-
pairs. Moreover, with large numberof SNPscorrelated permuta-
tion procedurds preferredover simple Bonferronicorrectionfor
properly controlling family-wise error rate and retainingmapping
power, which dramaticallyincreaseshe computationatostof as-
sociationstudy

In this paper we study the problemof nding SNP-pairsthat
have signi cant associationsvith a given quantitatve phenotype.
We proposean efcient algorithm, FastANOVA, for performing
ANOVA testson SNP-pairsin a batchmode,which alsosupports
large permutationtest. We derive an upper bound of SNP-pair
ANOVA test,which canbeexpressedsthesumof two terms.The
rst termis basedon single-SNPANOVA test. The secondterm
is basedon the SNPsandindependenbf arny phenotypepermuta-
tion. Furthermore SNP-pairscanbe organizedinto groups,each
of which sharesa commonupperbound.This allows for maximum
reuseof intermediatecomputation.ef cient upperboundestima-
tion, andeffective SNP-pairpruning. ConsequentlyFastANO/A
only needgso performthe ANOVA teston a smallnumberof can-
didate SNP-pairswithout therisk of missingary signi cant ones.
Extensve experimentsdemonstratehat FastANOVA is ordersof
magnitudefasterthanthe brute-forceimplementatiorof ANOVA
testsonall SNPpairs.

Categoriesand Subject Descriptors: H.2.8 [DatabaseApplica-
tions]: DataMining; J.3[Life andMedical Sciences]Biology and
Genetics

General Terms: Algorithm, Performance
Keywords: Associationstudy ANOVA test
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1. INTRODUCTION

Quantitatve phenotypeassociatiorstudy analyzegyeneticvari-
ation acrossa populationin orderto nd the geneticfactorsun-
derlying continuougphenotypegsuchasheightor weight). These
phenotypesreoften comple in the sensethatthey arelikely due
to the effectsof multiple geneq6, 24]. The mostabundantsource
of geneticvariationis representedby single nucleotidepolymor
phisms(SNPs). A SNPis a DNA sequencevariation occurring
whenasinglenucleotide(A, T, G, or C) in the genomediffers be-
tweenindividualsof a species.For inbredspeciesa SNP usually
shaws variationbetweenonly two of the four possiblenucleotide
types[12], whichallows usto represenit by abinaryvariable.The
binary representationf a SNPis alsoreferredto asthe genotype
of theSNRP

Variousstatisticscanbe appliedto measurehe associatiorbe-
tweenSNPsandthe phenotypesf interestamongwhich ANOVA
(analysisof variance)testis one of the standardstatistic meth-
odsandhasbeenroutinely usedin quantitatve phenotypeassocia-
tion study[18]. The goalof ANOVA testis to determinewhether
thegroupmeansaresigni cantly differentafteraccountingor the
varianceswithin groups. It accomplisheshe comparisorby de-
composinghetotal variancein the datainto within-groupvariance
andbetween-groupariance.lf the between-grouparianceis suf-

ciently largerthanthe within-group variance,thenthe testcon-
cludesthatthereis signi cant (phenotypic)ifferencebetweerthe
groups.

In the applicationof phenotype-SNRssociatiorstudy theindi-
viduals' phenotypevaluesare groupedby the genotypeof a SNP
or asubsebf SNPs.Figure1(a)shavs anexampleof strongasso-
ciationbetweenra phenotypeanda SNP 0 and1 on the x-axisrep-
resentthe SNP genotypeandthe y-axis representshe phenotype.
Eachpointin the gure representsnindividual. It is clearfrom
the gure thatthe phenotypevaluesarepartitionedinto two groups
with distinctmeanshenceindicatinga strongassociatiorbetween
the phenotypeandthe SNP Ontheotherhand,if the genotypeof a
SNPpartitionsthephenotypevaluesinto groupsasshavnin Figure
1(b),thephenotypeindthe SNParenotassociategvith eachother

Recentadwancedn high-throughputechniquegnablegenotyp-
ing SNPsin genome-widescale,resultingin large datasetson-
taining thousandgo hundredsof thousandof SNPs[1, 3]. The
vastnumberof SNPshasposedgreatcomputationakhallengeto
genome-wideassociationstudy In orderto understandhe un-
derlying biological mechanism®ef complex phenotypepneneeds
to considerthe joint effect of multiple SNPssimultaneously Al-
thoughtheideaof studyingthe associatioetweerphenotypeand
multiple SNPsis straightforvard, the implementationis nontriv-
ial. For a studywith total N SNPs,in orderto nd the associa-
tion betweenn SNPsandthe phenotypea brute-forceapproach
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Figure 1. Examplesof associationsbetweena phenotype and
two different SNPs

is to exhaustiely enumeratall " possibleSNP combinations

andevaluatetheir associationsvith the phenotype.The computa-
tional burdenimposedby this enormoussearchspaceoften makes
thecompletegenome-widessociatiorstudyintractable.

The computationathallengeof genome-wideassociatiorstudy
is further compoundedy anotherwell-known statisticalproblem
— the multiple testingproblem[14]. The multiple testingproblem
canbedescribedasthe potentialincreasen Typel errorwhensta-
tistical testsare performedmultiple times. Let be the Type |
errorfor eachindependentest. If n independentomparisonsare
performedthe experimental-wiseerror °is givenby

°=1 @ )

For example,when = 0:05andn = 20, °= 1 0:95®° =
0:64. We have 64% probability to getat leastonespuriousresult.
Determiningthe statisticalsigni cance of the associatiorbetween
thephenotypeindSNPsis crucial. Bonferronicorrectionbasen
theassumptiorthatall n testsareindependenis too conserative
for thegenome-wisassociatiostudiessinceSNPsareoftencorre-
lated. Alternatively, permutatiornprocedurecanbe usedandmuch
preferredin associatiorstudieswhich automaticallytakesthe cor-
relationstructureof SNPsinto consideration.

Theideaof permutationis to randomlypermutethe phenotype
hundredgo thousand®f times. For eachpermutatechenotype,
theassociatioranalysiswill berepeatedThenthenull distribution
of the teststatisticsis estimatedand usedto assesshe statistical
signi canceof the ndings from the original phenotype However,
permutationtestis very time-consumingsincethe testprocedure
needgo beperformedn all permutation#n orderto nd thethresh-
old.

Algorithm developmentto supporttheselarge scaleanalysisis
still in its infang/ stage. Most existing work focuseson studying
theassociatiorbetweerthe phenotypeandSNP-pairaandcanonly
handlea smallnumberof SNPs.Givena pair of SNPs the pheno-
typevaluescanbe partitionedinto atmostfour groupsby thegeno-
typeof the SNP-pairi.e.,00,01,10,and11. SinceeachSNPhasa
distinctlocationon the genomethe associatiorstudy of a pheno-
type and SNP-pairds alsocalledtwo-locusassociationmapping
Important ndings areappearingn theliteraturefrom studyingthe
associatiorbetweerphenotypesandSNP-paird21, 22,27].

Although the standardANOVA test has beena valuabletool
to nd associatiorbetweenSNP-pairsand phenotype,it is usu-
ally not performedin genome-widescale. This is dueto the fact
thatthe searchspaceof two-locusassociatioimappingin genome-
wide scaleprohibitsanexhaustve search Supposeahatthe dataset
consistsof N SNPsandthe numberof permutationds K. The

total numberof ANOVA testsis KN(N  1)=2. Givena mod-

eratenumberof SNPsN = 10; 000 andnumberof permutations
K = 1;000, the numberof ANOVA testsis around5 10%.

Therefore ANOVA testis oftenresenedfor validatinga smallset
of candidatesdenti ed by othermethodq17, 25].

In this paper we examinethe computationabspectof ANOVA
test.We presentanef cient algorithm,FastANOVA, andshaw that
thestandardANOVA testcanbeappliedin genome-widescalefor
two-locusassociatiormappingeven whenthe permutationproce-
dureis neededUnlike algorithmsapplyingheuristics FastANO/A
is acompletealgorithm,i.e., it guaranteeto nd the optimalsolu-
tion, thoughit doesnot explicitly examineall possibleSNP-pairs.
In fact,alargeportionof the SNP-pairsareprunedwithouttheneed
of performingthe tests. FastANOVA establishesn upperbound
onthetwo-locusANOVA test. The upperboundis the sumof two
terms:onebasednthe ANOVA testbetweerphenotypeandasin-
gle SNR andthe otherbasedon the pairwise SNP genotypeand
theorderedphenotypevalues.This formulationof theupperbound
allows the algorithmto calculatethe boundfor a large numberof
SNPstogether which enablesastcandidateretrieval. Moreover,
theintermediateesultsfor calculatingthesecondermof theupper
boundis independenof phenotypgpermutationsHencethey only
needto be computedonceand canbe reusedn all permutations.
Applying this bound, FastANOVA is able to identify SNP-pairs
with signi cant ANOVA testvaluesusingonly a smallfraction of
thetimerequiredby performingANOVA testonall SNP-pairsThe
principlesdevelopedin FastANOVA arealsoapplicableto thegen-
eralcaseof testingSNPsubsetgontainingmorethantwo SNPs.

2. RELATED WORK

The problemof phenotype-SNRssociatiorstudy hasattracted
extensie researclinterestsandis anongoingresearctareain biol-
ogy andstatisticcommunities.In this sectionwe give abrie y re-
view of therelatedwork from acomputationapointof view. Please
referto [4, 7, 11] for excellentsureys of existing work.

Underthe assumptiorthat the numberof SNPsis limited, e.g.,
from tensto a few hundredsgexhaustve algorithmsthat explicitly
enumeratall possibleSNP combinationsandevaluatetheir asso-
ciationswith the phenotypehave beendeveloped[16, 19]. These
methodsarenot well adaptedo genome-widessociatiorstudy

To avoid exhaustvely enumeratinghe searchspacea common
approachis to breakthe probleminto two steps[8, 10]. First,
a subsetof importantSNPsare selected. Second within the se-
lected subset,the associatiorbetweenSNPsand the phenotypes
aresearchedThesemethodsarenot completesincethe SNPswith
weakmaiginal effects may not be selectedn the rst place. Ge-
netic algorithm[5, 15] hasbeenappliedin nding SNP-pairsfor
quantitatve phenotypes.Thesemethodscannotguaranteg¢o nd
theoptimalsolution.

Featureselectionmethods[13] have beenproposedo address
the problemof nding importantSNPs. In featureselection,the
selectedeaturesubseusuallycontainsfeatureghathave low cor
relationwith eachotherbut have strongcorrelationwith thetamget
feature. In the applicationof selectingSNPs,the goalis to select
a subsetof SNPsthat canbe usedas proxiesfor all SNPsin the
genomd9, 23]. The selectedSNPscanthenbe usedastheinput
SNPsin the associatiorstudy Apparently thesemethodsarealso
notcomplete.

3. TWO-LOCUS ANOVA TEST

LetfX1;X2; ;Xn g bethe setof SNPsof M individuals
X; 2 f0;1g;1 i N)andY = fyi;ys; ;Ym g bethe
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Table 1: Possiblegroupings of phenotypevaluesby the geno-
typesof X; and (X X;)

guantitatve phenotypeof interestwherey, (1 m
phenotypevalueof individual m.

For ary SNP X; (1 i N), we representhe F-statistic
from the ANOVA testof X; andY asF (X;;Y). Forary SNP-
pair (X X;), we representhe F-statisticfrom the ANOVA testof
(Xin) andY aSF(Xin (Y.

The basicideaof ANOVA testis to partition the total sum of
squaredleviationsSSy into between-grougumof squaredievia-
tionsSSg andwithin-groupsumof squaredieviationsSSw :

SSr = SSg + SSw :

In our applicationof two-locusassociatiorstudy Table 1(a) and
Tablel(b) shav the possiblegroupingsof phenotyperaluesby the
genotype®f X; and(X; X;) respectiely.

LetA,B, a1, a2, by, b, representhegroupsasindicatedn Table
1(a)andTablel(b). We useSSg (Xi;Y) andSSg (XiXj;Y) to
distinctthe onelocus(i.e., single-SNP)andtwo locus (i.e., SNP-
pair) analysesSpeci cally, we have

SSr(Xi;Y) = SSeg(Xi;Y)+ SSw (Xi;Y);

M) is the

SST(XiXj;Y)=SSg(XiXj;Y)+ SSw (XiXj;Y):
TheF-statisticfor ANOVA testson X and(X; X; ) are:

M 2 SSg (Xi;Y) ]
2 1 SSt(Xi;Y) SSg(Xi;Y)'

F(XiY) = )

FoGx vy M8 SSg (XiXj;Y)

e
g 1 SSr(XiXj;Y) SSg(XiXj;Y)' @

whereg in Equation(2) is the numberof groupsthatthe genotype
of (XiX;) partitionstheindividualsinto. Possiblevaluesof g are
3 or 4, assumingall SNPsare distinct: If noneof groupsA, B,
ai, az, by, by is empty theng = 4. If oneof themis empty then
g= 3.

LetT = ym be the sumof all phenotypevalues. The

ym2Y

total sumof squaredeviationsdoesnot dependon the groupings
of individuals:

SSr(Xi;Y) = SST(Xin Y) =
Ym2Y

Let Tgrowp = ym bethe sumof phenotypevaluesin
Ym 2group
aspeci ¢ group,andngoup bethe numberof individualsin that
group.SSg (Xi;Y) andSSg (XiX;;Y) canbecalculatedasfol-
lows:
T2 T§ T?
SSe(Xi;Y)= &+ = —:
B( i ) Na Ns M l

T2 T2 TZ TZ -I-2
SSB(Xin;Y): S T A+ﬂ —:
Na;, MNa, Np Np, M
Notethatfor ary groupof A, B, a1, az, by, by, if Nngroup = O,
2

T, .
then—2">** is de ned to beO.
Ngrou

Thetwo’jlocusassociationnappingwith permutatiortestis typ-
ically conductedn thefollowing way [18].

First, for every SNP-pair(XiX;) (1 i< j
ANOVA testis performedandF (X X;;Y) is recorded.
Seconda permutatiortestis performedo getareferencedistri-

butionin orderto assesthestatisticalkigni canceof previous nd-
ings. More speci cally, apermutatiory of Y is generatethy sam-
pling the phenotypeY without replacementin otherwords,phe-
notypevaluesarerandomlyassignedo individualsin the dataset
with no single phenotypevalue being assignedo more thanone
individual. Let Y° = fY;;Y>; ; Yk g bethesetof K permuta-
tionsof Y. For eachpermutationY, 2 YO let Fv, representhe
maximumF-statisticvalueof all SNP-pairsj.e.,

N), the

Fv, = maxfF(XiX;j;Y)jl i<j Ng:

The distribution of f Fy, jYx 2 Y% is thenusedasthe reference
distributionfor assessinthestatisticakigni canceof F (X X ;Y)

valuesfound usingthe original phenotypeY : Givena Typel er

ror threshold , the critical valueF is the K -th largestvalue
in fFy, jYx 2 Y%. For example,supposethat = 0:01 and
K = 1000 thenF is the 10thlargestvaluein fFy, jYc 2 Y.

The SNP-pair(X; X; ) whoseF-statisticvalueF (X Xj;Y) F

is considereassigni cant at

Two computationaproblemsneedio besolvedin thisprocedure.
The rst oneisto nd thecritical valueF for agivenTypel error
threshold . Thesecondneisto nd all SNP-pair{ X X;) whose
F-statisticsaregreaterthanF . We formalizethesetwo problems
asfollows.

Problem (1): GiventheTypel errorthreshold , nd thecritical
valueF ,whichisthe K -thlargestvaluein fFy,jYx 2 Y.

Problem(2): GiventhethresholdF , nd all SNP-pairg X X;)
suchthatF (XiX;;Y) F .

A bruteforceapproacho thesetwo problemss to enumeratell
SNP-pairsand nd their F-statistics.In Problem(1), for eachper
mutationYy 2 Y, all SNP-pairmeedto be enumerateth orderto

nd themaximumvalueFy, . In Problem(2), all SNP-pairsieedto
beenumeratetb seeif theirtestvaluesareabove thethreshold- .
Computationally Problem(1) is more challenging,sincethe per
mutationnumberK canrangeform hundredso thousandswhich
meangherunningtime of nding thecritical valueF canbehun-
dredsto thousandséimeslongerthantherunningtime of nding the
signi cant SNP-pairdn Problem(2) usinga brute-forcesearch.

In the reminderof the paper we rst derive anupperboundon
two-locus ANOVA test value and discusshow this upperbound
enablesan ef cient ANOVA testingfor a single phenotype.Then
we shawv how this approachcanbe easily extendedto handlethe
permutatiorprocedure.

4. THE UPPERBOUND
4.1 Updating F-Statistic

Sincethetotal sumof squaredeviationsdoesnot changefrom
the calculationof F (Xi;Y) andF (X Xj;Y) (Equationg1) and
(2)), we know thattherelationshigbetweerthesetwo testsonly de-
pendsontherelationshibetweerSSg (Xi; Y) andSSg (Xi Xj;Y).
Next weshow thatSSg (X X ; Y) canbeupdatedrom SSg (Xi;Y).



For groupsA, a; anday, let

2 2 2
Ts, . Ts, Ta
Na, Na, Na

A

Na, T2 + Na, T2,
Na, Na,
(naZTal nalTaz)Z
Na; Na, NA
(NaTa,  NayTa)?.
nal(nA nal)nA .

(Tal + Taz)z
Na; + Na,

Similarly, we have

B: E*-E E: (nBTb1 nblTB)z'
Mo, (Ne Np)Ne

Np,; Nb, ng
Thus,SSg (XiXj;Y) canbeupdatedusingSSg (Xi;Y):

SSB(Xin;Y):SSB(Xi;Y)+ A+ B: ?3)

Notethatif any oneoffna,;na,;nagis0,then A = 0. Sim-
ilarly, if ary oneof fny, ;np,;Nggis0,then B = 0.

Next, we develop an upperboundof SSg (X Xj;Y). We rst
shav the derivation of anupperboundof . A similarideacan
beappliedto nd anupperboundof g.

4.2 Boundsof aAand B

Letfymjym 2 Ag= fya,;¥a,;  :Ya,, gbethephenotype
valuesin groupA. Without loss of generality assumethat these
phenotyperaluesarearrangedn ascendingrder i.e.,

YAy YA, yAnA :
Thederivative of A with respecto Ta, is:
d A - 2['1,/.\(I’IATa1 nalTA)_
dTal nal(nA na]_)nA '
Thuswe have
increases if Ta, Nay Ta :
A monotonically al A
decreasesif T, —1-2:
na
We have therangeof T, :
Nay na
Tal 2 [lal;Ual]: [ Yais yAi]:
i=1 i=np na,+1
The maximumyvalue of A is attainedwhenTa, = la, or

Ta; = Uay, i€,

maxf (Nala, Na; Ta)% (NaUa,  Na; Ta)?.

Na, (nA Na, )nA
WeuseR:(XiX; Y) todenotethis upperbound.
Letfymjym 2 Bg= fys,;¥s,; :Ys., gbethephenotype
valuesin groupB. Without lossof generality assumethat these
phenotypevaluesarearrangedn ascendingrder i.e.,

YB 1 YB, YB, B :
Similarly, we canderive theboundon B:

A

4)

maxf (ngls, Nb, Te)? (NBUs,  Nb, Te)?Q,

B
Np, (Ne Np, )Ns

®)

Symbols Formulas
Yy
| |a1 | ;I:ll yA\
Uay i”:AnA Na, +1 YA
Z. 2
RL(XiX;Y) maxf(Nala; Na;Ta)%;(NaUa, Na;Ta)’g
Na, (NA_ Na;)Na
Ibl ;I:bl1 YBi
Ub, in:BnB np, +1 YBi
maxf (ng | Np, Te )%; (N U Np, Ts )?
R2(XinY) ( B by by B) ( B Ub; by B) g
N (N Np )ne

Table 2: Notationsfor the boundson A and B

We useR2(Xi X Y) to denotethis upperbound. The symbols
usedin Inequalitieg(4) and(5) aresummarizedn Table2.

From Equation(3), Inequalities(4) and(5), we have the overall
upperboundon SSg (X X;;Y):

THEOREM 4.1. (Upperboundof SSg (XiX;;Y))
SSB(Xin;Y) SSB(Xi;Y)+ Rl(XinY)+ Rz(XinY)I

PROPERTY 4.2. Theupperboundin Theoem4.1is tight.

The tightnessof the boundis ohvious from the derivation of
the upperbound, since there exists somegenotypeof SNP-pair
(XiX;) that makesthe equality hold. For the samereason,we
have thefollowing property

PROPERTY 4.3. Theupperboundin Theoem4.1 doesnot ex-
ceedghetotal sumof squaeddeviations,i.e.,

SSe (Xi;Y)+ Ri(XiX;Y)+ Ra(XiXjY) SSr(XiXj;Y):

5. THE FASTANOVA ALGORITHM

In this section,we shov how our algorithm FastANOVA uti-
lizestheupperboundin Theorem4.1to achieve ef cient two-locus
ANOVA testing.In Section5.1, we describethe methodfor Prob-
lem (2) discussedn Section3, thatis, giventhethreshold= , nd
all SNP-pairavhoseF-statisticsaaregreaterthanF . Thenin Sec-
tion 5.2,wediscusshow FastANOVA performsin permutatiorpro-
cedurej.e.,thescenaricof Problem(2) in Section3.

5.1 OnePhenotype

GiventhethresholdF ,to nd all SNP-pairsvhoseF-statistics
aregreatethanF , abrute-forceapproaclisto enumeratell SNP-
pairs. To expeditethis processwe employ the inequalityin The-
orem4.1to pruneSNP pairsthatwill have no chanceto passthe
signi cancethresholdF . From Equation(2), we know that nd-
ing SNP-pairs(Xi X;) whoseF-statisticsF (X X;;Y) F is
equialentto nding SNP-pairssatisfying

SSt (XY
SSe (XiXj;Y) H:
(g DF

Theoremd.1suggestshatwe only needto computethe F-statistics
for the SNP-pairghatsatisfy:

SSg (Xi;Y)+ Rl(XinY)+ Rz(XinY)

We referto theseSNP-pairsascandidateSNP-pairs.
We now discusshow to applytheupperboundin Theorermd.1lin
detail. The setof all SNP-pairds partitionedinto non-overlapping
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Figure 2: The index array Array(X;) for ef cient retrieval of
the candidate SNP-pairs

groupssuchthat the upperboundcan be readily appliedto each
group. For every X; (1 i N), let AP (X;) be the setof
SNP-pairs

AP (X)) = f(XiX))ji+1 j Ng

For all SNP-pairsn AP (Xi), na, Ta, ng, Tg andSSg (Xi;Y)
areconstantsMoreover, |5, , U, aredetermineddy na,, andly,,
up, aredeterminedby ny,. Therefore,in the upperbound,na,
andnp, aretheonly variableshatdependnX; andmayvary for
differentSNP-pairdX; Xj ) in AP (X;).

Notethatna, isthenumberof 1'sin X; whenX; takesvaluel,
andny, isthenumberof 1'sin X; whenX; takesvalueO. It is easy
to prove thatswitchingna, andn,, doesnotchangeheF-statistic
value andthe correctnes®f the upperbound. This is alsotrue if
we switchnp, andny,. Thereforewithout lossof generality we
canalwaysassumehatn,, isthesmalleronebetweerthenumber
of 1's andnumberof 0'sin X; whenX; takesvaluel, andnp,
is the smalleronebetweerthe numberof 1's andnumberof 0'sin
Xj whenX; takesvalueO. The following propertyspeci esthe
valuesthatn,, andnp, cantake. Theproofis straightforvardand
omittedhere.

PROPERTY 5.1. If therearem 1'sand(M m) O'sin X, then
forany(XiX;) 2 AP (X;), thepossiblevaluesthatn,, cantake
aref0;1,;2; ;bm=2cg. Thepossiblevaluesthat np, cantake
aref0;1; 2; yb(M m)=2cg.

To efciently retrieve the candidatesthe SNP-pairs(X; X;) in
AP (X;) aregroupedby their (na, ; Ny, ) valuesandindexedin a
2D array referredto asArray(X).

EXAMPLE 5.2. Supposehat there are 32 individuals,and the
genotypeof X; consistsof half 0's and half 1's. Thusfor the
SNP-pais in AP (Xi), the possiblevaluesof n,, and ny,, are
f0;1;2; ;89. Figure 2 showsthe 9 9 array, Array(Xi),
whoseentriesrepresentthe possiblevaluesof (na, ; hy, ) for the
SNP-pais (XiXj) 2 AP (Xi). Theentriesin the samecolumn
havethesamen,, value Theentriesin thesameaowhavethesame
np, value Then,, valueof ead columnis notedbeneatheat
column.Theny, valueof eat rowis notedleft to eac row Each
entryofthearrayis a pointerto the SNP-pais (X X;) 2 AP (X;)
havingthecorrespondingna, ; Ny, ) values.

Notethatfor a SNP-pair(XiX;) 2 AP (Xi), na, andna, can
becalculatedasterthanperformingthetwo-locusANOVA test. To
obtainna, andna,, we only needto countthe numbersof 0's and
1'sof X; whenX; is equalto O and1 respectiely, which canbe
doneby alinearscanof theM 2 binary matrix consistingof the

Algorithm 1: FastANOVA (no phenotypepermutation)

Input: SNPsX %= fX1; X>;
threshold
Output: nd thesetof SNP-pairResult(Y) =
FOGX)IF(XiXj;Y) F ;1 i<j Ng

1 for everyX; 2 X° do
2 index (XiXj) 2 AP (Xi) by Array(Xi);
3 acces@Array(X;) to nd thecandidateSNP-pairsand
storethemin Cand(X;;Y);

; X~ g, phenotypey , and

4 for every(XiXj) 2 Cand(Xi;Y) do
5 if F(XiXj;Y) F then

6 | Result(Y) (XiXj);

7 end

8 end

9 end

=

o0 returnResult(Y).

genotypesf X; andX;. In contrastto calculatethe F-statistic,
we rst needto scantheM 3 binarymatrix consistingof X i, X
andY in orderto nd out how the phenotypevaluesare grouped
by thegenotypeof (X Xj). Thenaconstantime O(t) is required
to computethe F-statistic.

PROPERTY 5.3. For any SNPX, the maximumumberof the
entriesin Ar ray(X;) is (dMZe+ 1)2.

Theproofof Property5.3is straightforvardandomittedhere.In
orderto nd candidateSNP-pairsyescanall entriesn Ar ray(X)
to calculatetheir upperbounds. Sincethe SNP-pairsindexed by
thesameentrysharehesame(na, ; ny, ) value,they havethesame
upperbound. In this way, we can calculatethe upperboundfor
agroupof SNP-pairgogether Note thatfor typical genome-wide
associatiorstudiesthe numberof individualsM is muchsmaller
thanthe numberof SNPsN . Therefore the additionalcostfor ac-
cessingAr ray(Xi) is minimal comparedo performingANOVA
testsfor all pairs(X; X;j) 2 AP (Xi).

Algorithm 1 describeshe FastANOVA algorithmfor nding the
SNP-pairswhose F-statisticsare greaterthan the thresholdF .
The inputs of FastANOVA include the N SNPs,the phenotype
Y andthe critical valueF . For eachX;, FastANO/A rst in-
dexes(XiX;) 2 AP (X;) usingAr ray(Xi). Thenit retrievesthe
candidateSNP-pairdy accessind\r ray(X ) andrecordsghemin
Cand(X;;Y). Thecandidategn Cand(X;;Y) arethenevaluated
for their F-statistics.The candidatesvhoseF-statisticsaregreater
thanor equalto F arereportedby thealgorithm.

5.2 Permutation Procedure

For multiple tests permutatiorprocedurés oftenusedn genetic
analysisfor controlling family-wise error rate. For genome-wide
associatiorstudy permutationis lesscommonlyusedbecauset
oftenentailsprohibitively long computatiortime. Our FastANOVA
algorithm makes permutationprocedurefeasiblein genome-wide
associatiorstudy

LetY%= fYy:VYs; ; Yk g betheK permutation®f the phe-
notypeY . Following theideadiscussedn Section5.1, the upper
boundin Theorem4.1 canbe easilyincorporatedn the algorithm
to handlethe permutations.

PROPERTY 5.4. For everySNPX, theindexing structue
Array(X;) isindependensf the permutecphenotypein Y °.

The correctnesf this propertyrelieson the fact that, for ary
(XiXj) 2 AP (Xi), na, andny, only dependon the genotype



Algorithm 2: FastANOVA (for permutatiortest)

Input: SNPsX %= fX1;X5: ; Xn 0, phenotype
permutationS(o = fY1;Y; ; Yk g, andthe Typel
error

Output: nd thecritical valueF

Tlist K dummyphenotypeermutationsvith
F-statistic9 ;
F =0
for everyX; 2 X ° do
index (XiXj) 2 AP (Xi) by Array(Xi);
for everyYy 2 Y° do
accesArray(Xi) to nd thecandidateSNP-pairs
andstorethemin Cand(Xi; Y«);
for every(XiX;) 2 Cand(Xi; Yx) do
if F(XiXj;Yx) F then
updateT list ;
F =thesmallestestvaluein Tlist;

=

o U hWN

=
o © o N

11 end
12 end

13 end

14 end

15 returnF .

of the SNP-pairandthusremainconstantfor differentphenotype
permutationsTherefore for eachX;, oncewe build Ar ray(X;),
it canbereusedn all permutations.

The FastANOVA algorithmfor permutationtestis describedn
Algorithm 2. Theinputsincludethe N SNPs,K phenotypeper
mutationsandthe Typel errorthreshold . Thegoalisto nd the
critical valueF , whichis the K -thlargestvaluein fFy, jYx 2
Y. RecallthatFy, is the maximumF-statisticvaluefor pheno-
type Yx. We useTlist to keepthe K phenotypepermutations
having the largestF-statisticsfound by the algorithmso far. Ini-
tially, Tlist contains K dummy phenotypepermutationswith
testvaluesO. The smallestF-statisticvaluein Tlist, initially O,
is usedas the thresholdto prunethe SNP-pairs. For eachX;,
FastANOVA rst indexes(XiX;) 2 AP (X;) usingAr ray(X;).
Thenit nds thesetof candidateSNP-pairscCand(X;; Yx) by ac-
cessingAr ray(X) for every phenotypepermutationyy . Thecan-
didatesn Cand(X;; Yk) arethenevaluatedor their F-statisticsIf
acandidates F-statisticvalueis greaterthanthe currentthreshold,
thenT list is updatedaccordingly:If the candidates phenotypery
is notin the T list, thenthe phenotypdn Tlist having the small-
estF-statisticvalueis replacedy Y. If thecandidates phenotype
Yk is alreadyin Tlist, we only needto updateits corresponding
F-statisticvalueto bethe maximumvaluefoundfor the phenotype
sofar. Thethresholdis alsoupdatedo be the smallestF-statistic
valuein Tlist.

5.3 Complexity Analysis

In this section,we studythe time andspacecompleities of the
FastANOVA algorithmfor permutatiortest. The compleity for a
singlephenotypecanbe analyzedn a similarway.

Time complexity: For eachX;, FastANO/A needsto index
(XiXj) in AP (Xi). The compleity to build the indexing struc-
turefor all SNPsisO(N (N 1)M =2). Theworstcasefor access-
ing all Array(X;) for all permutationss O(N K (dMTe+
1)’) = O(NKM?). LetC =, jCand(Xi; Yk)j represent
thetotalnumberof candidatesTheoveralltime compleity of Fas-
tANOVA isthusO(N (N 1)M=2)+ O(NK (d%-e+ 1)) +
O( i iCand(Xi;Yi)iM) = O(N*M + NKM?+CM). The
experimentalkesultsshav thatthe overheadof building theindex-

ing structuresandaccessinghemfor candidateetrieval arenegli-
gible whenlarge permutationtestsare needed.Note thatthe time
compleity of thebrute-forceapproachs O(KN (N 1)M=2) =
O(K N2M).

Spacecomplexity: Thetotal numberof variablesin the dataset,
includingthe SNPsandthephenotypgermutationsisN + K . The
maximumspaceof theindexing structureAr ray(X) is O((d""Te+
1)2 + N). Notethatfor eachSNPX;, FastANOVA only needsto
accesoneindexing structure,Ar ray(X), for all permutations.
Oncethe evaluationprocessfor X; is donefor all permutations,
Array(X;) canbeclearedrom thememory Thereforethespace
compleity of FastANOVA is O((N + K )M ) + O((d%-e+ 1)* +
N) = O((N + K)M) sinceM N . The spacecompleity is
linearto thedatasesize.

6. EXPERIMENT AL RESULTS

In thissectionwe presenextensize experimentatesultson eval-
uatingthe performancef the FastANOVA algorithm.We show (1)
the runtime comparisorbetweenFastANOVA andthe brute-force
approachundervariousexperimentalsettings,(2) the punningef-
fect of the upperbound,and(3) therelative computationatostof
eachcomponenbf FastANO/A. FastANOVA is implementedn
C++. The experimentsare performedon a 2.4 GHz PC with 1G
memoryrunningWindowsXP system.

Dataset The SNPdatasetisedfor the experimentds extracted
from a setof combinedSNPsfrom the 140k Broad/MIT mouse
datasef26] and10k GNF [2] mousedataset.This meilgeddataset
has156,525SNPsfor 71 individuals. The missingvaluesin the
datasetareimputedusingNPUTE [20]. We usebothreal pheno-
typesandsyntheticphenotypesn our experiments.The real phe-
notypedatais availablefrom the JacksoriLab [3].

6.1 RealPhenotypes

We usethreereal phenotypesn our experiments:cardioascu-
lar (blood pressure)metabolism(waterintake), andneurosensory
(acousticstartleresponse)Table3 shavs the statisticsof thegeno-
type datasetsorrespondingdo the threephenotypes.The number
of SNPsin the tableindicatesthe numberof uniqueSNPsin each
genotypedataset.

| [ cardiovascular] metabolism] neurosensony

#individuals 19 26 34
#SNPs 14,513 43,856 66,006

Table 3: Statisticsof the genotypedatasets

We rst show theresultson nding thecritical valueF , which
is more time-consuminghan nding the signi cance SNP-pairs
giventhecritical valueF for asinglephenotype.

6.1.1 Finding critical valuer

FastANOVA v.s. the brute-forceapproach We compareFas-
tANOVA with thebrute-forceapproachundervariousexperimental
settings. Sincethe brute-forceapproachs very time-consuming,
we usea moderatenumberof SNPsand permutationsn the de-
fault settingin orderto showv the performancecomparisons.The
default settingis asfollows: The Typel errorthreshold = 0:01.
Thenumberof permutationss 100. The numberof SNPis 10,000
for the two larger datasetsof metabolismand neurosensoryand
2,900for the cardiovascularSNP dataset.Theseexperimentalset-
tingsarechoserto demonstratéheperformancegainandenhanced



Figure 3: Performance comparisonbetweenFastANOVA and the brute-forceapproachwhenvarying Typel error thresholds
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Figure 4: Performance comparisonbetweenFastANOVA and the brute-forceapproachwhenvarying the number of SNPs
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Figure 5: Performance comparisonbetweenFastANOVA and the brute-forceapproachwhen varying the number of permutations

scalabilityofferedby FastANOVA over the brute-forceimplemen-
tation. FastANOVA canhandlemuchlarger SNPpanelsandlarger
numberof permutationtests. The performanceof FastANOVA is
expectedto follow the sametrendspresentedn the remainderof
this section.

Figures3, 4, and5 show the runningtime comparisorof Fas-
tANOVA andthe brute-forceapproacton the threegenotypephe-
notypedatasetsisingdifferentsettings.They-axisis in logarithm
scale. The numbersabore the runtimeline of FastANOVA indi-
catetheratio of the runtimesof the brute-forceapproaclover Fas-
tANOVA. We terminatethe programsthat have run over 72 hours
without completion.

Figure 3 shaws the runtime comparisorwhenvarying the Type
| errorthresholds For eachdatasetthe runtimeof the brute-force
approachdoesnot changeover different Type | error thresholds.

The runtime of FastANOVA decreaseasthethresholddecreases.

FastANOVA offers218fold speedupvhen = 0:05and293fold
speedupvhen = 0:01oncardiovasculadatasetWe canalsoob-

seneasimilartwo-orders-of-magnitudgpeedupn themetabolism
andneurosensorgatasetsThis is consistentith the pruningef-
fect of the upperbound,which will be presentedaterin this sec-
tion. In general,the lower the Type | error threshold,the more
powerful the pruningeffect, hencethe fasterthe algorithm.

Figure4 depictsthe comparisorof thesetwo approachesvhen
the numberof SNPschanges.From these gures, it is clearthat
FastANOVA is abouttwo ordersof magnitudefasterthanthebrute-
forceapproachThebrute-forceapproactktannotnish in 72 hours
whenthenumberof uniqueSNPss greatethan26kin themetabolism
datasetand greaterthan 24k in the neurosensorgataset.We ob-
sene that the runtimeratio tendsto increase(approachinghree-
orders-of-magnitudespeedup)as the numberof SNPsincreases.
This indicatesthat the performancegain of FastANOVA is even
higherfor larger SNPdatasets.

Figure5 shavstheruntimecomparisorwhenthenumberof phe-
notypepermutationhanges.The runtime of the brute-forceap-
proachis linear with respecto the numberof permutations.Fas-
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Figure 6: Runtime of eachcomponentof FastANOVA v.s. run-
time of the brute-force approachin the processof nding sig-

Table 4: Pruning effects on cardiovascular, metabolism and ni cant SNP-pairs

neurosensorydatasetswhen nding critical value F

cardiovascular] metabolism| neurosensory
97:865% 97:844% 98:061%

tANOVA is consistentlytwo ordersof magnitudefasterthanthe
brute-forceapproach.The performancegap increasessthe num-

berof permutationsncreases. Table5: Pruning effecton cardiovascular metabolismand neu-

Pruning effectof the upper bound Table4 shavsthe percent- rosensorydatasetswhen nding Fy, for all permutations
ageof SNP-pairprunedunderdifferentexperimentakettings.Since

the threedatasethave differentnumbersof SNPs,the 1stto 5th

rows in the category of "# SNPs"correspondo the settingsfrom magnitudefasterthanperformingsuchtestson all SNP-pairs This
left to right on x-axisin eachplot in Figure4. Most SNP-pairsare is thebene t of theupperboundpruningsincemostSNP-pairdave
prunedunderall settings.Moreover, asthe Type| errorthreshold beenprunedandonly avery smallportionof candidatesieedto be
decreaseghe pruningratio increaseswhich is consistenwith evaluatedior their F-statistics.The costfor accessingheindexing
runtime comparisorshavn in Figure 3. As the numberof SNPs structuress alsosmall, which demonstratethe ef ciency of the
increasesthe pruningratio alsoincreases.This is becausewith methodintroducedin Section5.1 for candidateretrieval. Among
more SNPs the dynamicthresholdusedto prunethe searchspace the three componentof FastANOVA, the mosttime-consuming
becomesigher Hencea larger portion of SNPsarepruned.This oneis building theindex structuresYet, its runtimeis only asmall
is consistenwith resultsshavn in Figure4. Notethatfrom Table fraction of the runtime of performingthe two-locusANOVA tests
4 we obsenre that the pruning ratio tendsto remainsteadywhen onall SNPpairs. Notethat,in permutatiortest,building theindex
thenumberof permutationghangesHowever, we obsere thatthe structuress a onetime cost. Oncethe index structuresare built,
runtime ratio increasesas the numberof permutationsncreases. they canbe reusedin all permutations.Therefore the amortized
The reasonfor thesetwo differenttrendswill becomeclear after overheadper permutatiordecreaseshenthe numberof permuta-
we shawv theresultson the computationatostof eachcomponent  tionsincreasesThis is why the pruningratio remainssteadyasin
of FastANOVA in the next subsection. Table4 while the runtimeratio increasessin Figure5 whenthe

numberof permutationsncreases.

6.1.2 Findingsigni cant SNP-pais

In this subsectionye studythecomparisorbetweerFastANO/A 6.1.3 FindingFy, for all permutations
andthebrute-forceapproachn nding signi cant SNP-pairgjiven Sometimeghe usersmay be interestedin nding Fy, values
acritical valueF . Only the original phenotypgwithout permuta- of all phenotypepermutations.In this way, the userscangetthe
tions)is usedin this procedure.We examinethe detailedcompu- critical valueF for ary Typel errorthreshold rangingfrom O
tation costof eachcomponenbf the FastANOVA algorithm. Fas- to 1, without re-runningthe permutationtestsfor differentthresh-
tANOVA hasthreemajorcomponentsbuilding theindexing struc- olds. Recallthat, given a setof phenotypepermutationsy ® =
ture Ar ray(X;) for every SNP X, accessingAr ray(X;) to nd fY1; Yo; 1Yk 0, Fy, = maxfF(XiXj;Yk)jl i<j Ng
the candidateSNP-pairs,and performing ANOVA testson these is the maximum F-statisticvalue for permutationYx. F is the
candidates. K -th largestvaluein fFy, Y« 2 Y%. In this subsectionwe

Dueto spacdimitation, we only shawv theperformanceompari- shav the pruning effect of the upperboundwhenit is appliedto
sononthemetabolisndatasetSimilar behaiors arealsoobsened determineFy, foreveryYx (1 k K). Notethatin this case,
on the othertwo datasets.The default experimentalsettingis the for eachpermutationY, the dynamicthresholdusedto prunethe
sameas before. Figure 6(a) and Figure 6(b) shav the runtime of searchspaces the largestF-statisticvalue of Yy identi ed by the
thesehreecomponentsvhenvaryingthe Typel errorthresholdand algorithmsofar.
numberof SNPsin the datasetespectiely. SinceF is afunction Table5 shaws the pruningratio of applyingthe upperboundto
of , in Figure 6(a), we plot the runtime with respectto . In the threereal phenotypedatasets.The experimentalsettingis the
both gures, the threelines from the bottomshow the runtime of sameasthe default settingbefore. As expected the pruningratios
thesethreecomponentsTheruntimeof thebrute-forceapproachs areslightly lowerthanthosein Table4, wheresmallerTypel error
thetopline. As we canseefrom thesewo gures, performingtwo- thresholdsreusedo prunethesearctspace However, thepruning

locusANOVA testson candidateSNPpairsis two to threeordersof ratioson all threedatasetsrestill abose 97%. Moreover, nding
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