1 Closure Properties of Context-Free Languages

We show that context-free languages are closed under union, concatenation,
and Kleene star. Suppose Gy = (V,3q, Ry, 51) and Gg = (Va, Xa, Ry, S5).
Example: For GG; we have

Sl — CLSlb

Sl—>€.

For G5 we have
SQ — CSQd

SQ — €.
Then L(G;) = {a™b" : n > 0}. Also, L(Gs) = {c"d" : n > 0}.

1.1 Union

G = (%U%U{S},ZlLJEQ,R,S) where R = Ry URQU{S% Sl,S—> SQ}
and S is a new symbol.
Then L(G) = L(G1) U L(G3).
Example:
Sl — CLSlb

S| — e
Sy — ¢Sad
Sy — €.
S — 5
S — Sy
Then L(G) = {a™" :n >0} U{c"d" : n > 0}.



1.2 Concatenation
G = (ViU‘/QU{S},ElLJZQ,R,S) where R = R1UR2U{S—>5152} and S

is a new symbol.

Example:
Sl — CLSl b

S; — €.
Sy — ¢Sad
Sy — €.
S — 515,
Then L(G) = {a™b"c"d™ : m,n > 0}.

1.3 Kleene star

G=MWVU{S}, %, R,S) where R=R,U{S — ¢S — 55} and S is a new
symbol.
Example:
Sl — CLSlb

S| — e
S — e
S —= 855
Then L(G) = {a™b" : n > 0}*.
Do some sample derivations.

1.4 Non-closure properties

Context-free languages are not closed under intersection or complement. This
will be shown later.



1.5 Intersection with a regular language

The intersection of a context-free language and a regular language is context-
free (Theorem 3.5.2). The idea of the proof is to simulate a push-down
automaton and a finite state automaton in parallel and only accept if both
machines accept.

e Using this result one can show for example that the set of strings having
equal numbers of @ and b but no substring of the form abaa or babb is
context-free; this would be very difficult to do using grammars.

e Asanother example, {a"0" : n > 0}N{w € {a,b}* : |w| is divisible by 3}
is context-free.

2 Showing languages are not context-free

This section will give formal methods to show that languages are not context-
free. It will also help your intuition so that you will usually be able to tell
right away whether or not a language is context-free.

e To show that a language L is not context-free, it is necessary to find a
property P that all context-free languages have, and then show that L
does not have property P.

e For context-free languages, the property P is a pumping property, sim-
ilar to that for regular languages.

First we illustrate this property by an example.

2.1 Example of a property of all context-free languages

Suppose a context-free grammar G is (V, X, R, S) where ¥ = {a,b,c}, V =
{S, A, B,C}, and R consists of the following rules:

S —=ada C—=S
A—bBb C —c¢
B — cCe

Then we have the following parse tree for the string abcabccbacba in L(G):
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e Note that if a string is sufficiently long, a parse tree for the string will
be very large, so it will have at least one very long path.

e This path will have some nonterminal appearing twice, just as the B
(and other nonterminals) appear twice in this example.

e Now, using these two occurrences of B on the path, we can separate
the string into substrings u, v, z,y, z as follows:
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The string is divided according to what can be derived from the two
occurrences of B in the parse tree.

e Thus u = ab, v = cab, x = cc, y = bac, and z = ba.

e So the string abcabecbacba can be expressed as wvryz in this way:
(ab)(cab)(cc)(bac)(ba).

Now, note that the portion of the tree between the two B’s can be dupli-
cated, like this:
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This gives the string (ab)(cab)(cab)(cc)(bac)(bac)(ba), that is, uwvvryyz,
or, uv®zy?z. In the same way, the portion of the parse tree between the two
occurrences of B can be deleted, like this:



This gives the string (ab)(cc)(ba), that is, urz, or, uvr’ry’z. In the same
way, one can obtain wv'zy'z for any i > 0. Note that v and y are pumped
at the same time.

Thus we have

S =" abBba

B =" cabBbac;

B =% cc.

So we can write this as

S =*uBz

B =" vBy

B =" .

Note now that

B =" vBy =" vwByy =" vvvByyy
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et cetera, so in general
B =" v'By"

for all 2. Thus we have

S =" uBz =" uxrz,

S =" uBz =" wByz =" uvxyz,

S =" uBz =" wwByz =" wvByyz =" uwwvryyz,

and in a similar way we have S =* uv'zy'z for all i > 0.

2.2 General property that all context-free languages
have

In general, for any context-free language, large enough strings will have parse
trees with long paths so that some nonterminal appears twice on the path.
We can repeat the above argument, then, so we have the following property
(from handout 6):

If L is a context-free language, then there is an integer N such that
any string w € L of length larger than N can be written as uvzyz such
that (v # e or y # e) and uv'zy'z € L for all i > 0.

2.3 Using this general property to show languages are
not context-free
Thus to show that a language is not context-free it is necessary to show

that it does not have this property; this yields the following result, also from
handout 6:

If L is a language and




e for all integers NV,

e there is a string w € L of length greater than NV such that
e for all ways of writing w as uvzryz with (v # e or y # e),
e there is an ¢ such that

e uv'xy'z is not in L,

then L is not context-free.

This can be used to devise a game to show that a language is not context-
free, as illustrated on handout 6. Note that these methods cannot show that
a language is context-free; only that a language is not context-free.

2.4 Showing that {a"b"c" : n > 0} is not context free

e As an example, using these methods, one can show that the language
{a™™*c™ : n > 0} is not context-free.

e For this, let aVb™cY be the string in L of length greater than N.

e Then we have to show that for all ways of writing a™b™V ¢V as uvzyz

with (v # e or y # ¢), there is an i (namely ¢ = 2) such that uvizy'z

(namely uvvzryyz) is not in L.

To do this, there are two cases.

1. vy contains occurrences of all three symbols a, b, and c.

Then v or y has to contain two different symbols, so vvyy has a b before
an a, a ¢ before a b, or a ¢ before an a, so the letters are out of order
and wvvryyz is not in L.

2. vy contains occurrences of only two of the three symbols.

In this case uvvryyz has unequal numbers of a, b, and ¢, so uwvvryyz
is not in L.



2.5 Example for the proof

Here is an example to illustrate the proof.
e Suppose N is 5, then a™b" eV is aaaaabbbbbeecce or a®bPcd.

e Suppose u = aa, v = aaabb, x = bb, y = bcce, and z = cc.

e Thus uvzyz is (aa)(aaabd)(bb)(beee)(ce).

e Then v and y together have all three symbols, and v has both a and b.

e Then uv?zy?z is (aa)(aaabb)?(bb) (beee)?(cc), or, (aa)(aaabb)(aaabb)(bb)(beee)(beee)(cc).

e This has a b before an a and is therefore not in L.

Now suppose that together v and y have only two of the three symbols.
In particular, suppose that v = aa, v = aaa, w = bbbbb, y = ccc, and z = cc.

e Thus uvzyz = (aa)(aaa)(bbbbb)(ccc)(cc).
e Now, v and y together have only a and ¢, no b.
e Then uv?zy?z is (aa)(aaa)?(bbbbb)(ccc)?(cc).

e This string is (aa)(aaa)(aaa)(bbbbb)(ccc)(cee)(cec) which has 8 a, 5 b,
and 8 c.

e The number of a and ¢ in wv?xy?z has increased over that of uwvzyz,
but the number of b has not.

e So the number of a, b, and c is not the same in uv?zy?z, so uv?zy?z is
not in L.

This proof can also be done using a game, as before.

2.6 Another example

Using this same approach, one can show that {a? : p is prime } is not context-
free.
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2.7 Intersecting with a regular set

Now consider the language L = {w € {a,b,c}* : w has the same number of

a, b, and c}. Let R be L(a*b*c*).

e Then LN R = {a"b"¢" : n > 0} which we just showed is not context-
free.

e If L were context-free then LN R would be context-free as well, because
context-free languages are closed under intersection with a regular set.

e Therefore L is not context-free.

This shows how one can sometimes use intersection with a regular lan-
guage to show that a language is not context-free.

3 Non-closure properties of context-free lan-
guages

Theorem 3.1 (3.5.4) Context-free languages are not closed under intersec-
tion or complement.

Proof: Let L; = {a™b™c" : m,n > 0} and let Ly = {a™b"c" : m,n > 0}.

e Then both L; and L, are context-free.
e However, their intersection L; N Ly is {a"b"c™ : n > 0} which is

not context-free.

For complement, note that L; N Ly = Ly U Ly, where L is the comple-
ment of L.

o If context-free languages were closed under complement, they would
also be closed under intersection.

e Therefore context-free languages are not closed under complemen-
tation because they are not closed under intersection.
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