MATH 131 Problem Set 1                                                 Adrian Ilie


The side-side-angle (SSA) congruence property generally does not hold in Euclidean geometry. Use figures drawn in Geometer's Sketchpad to investigate this congruence as follows.

1 What goes wrong? Demonstrate what goes wrong by exhibiting two triangles that have the SSA property but are not congruent. One page maximum.
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Figure 1: Non-congruent SSA triangles.

Figure 1 shows a case where triangles BAE and BAF have sides BE and BF equal (rays of the same circle), and angle BAD and side AB in common. So, they have SSA “congruence”, yet they are not congruent.

So, if one side is more that the product between the other and the sine of the given angle, then there are two triangles that can be formed with the two sides and that angle.

2 What is possible? Given two side lengths and an angle, how many triangles are there that have that SSA data? Two, three, some finite number, infinitely many? One page maximum.

Given two sides and an angle, one of the following cases occur (A is the given angle):

- when one side is less that the product between the other and the sine of the given angle or the angle is obtuse and the other side is not sufficiently long, there can be no triangle with that SSA data, as shown in the following drawing.
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Figure 2: No triangle can be formed.

- when one side is equal to the product between the other and the sine of the given angle; or when the angle is obtuse and the other side is sufficiently long; or when the side adjacent to the angle is shorter than the other, there can be only one triangle with that SSA data, as shown in the following drawing.
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Figure 3: One triangle can be formed.

- when one side is more than the product between the other and the sine of the given angle, there can be only one triangle with that SSA data, as shown in the following drawing (triangles ABE and ABF).
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Figure 4: Two triangles can be formed.

3 Find and describe a special case in which SSA congruence does hold. Is this a consequence of some other congruence theorem? One page maximum.

SSA holds in the cases where there can be only one triangle constructed with the SSA data given:

- when one side is equal to the product between the other and the sine of the given angle, angle BCA is a right angle, and the congruency is a consequence of the ASA congruence theorem, where the two angles are CAB and ABC and the side is AB. Angle ABC is equal to its counterpart in the other triangle since it is the complement of angle CAB, of which we know that it is equal to its counterpart.
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Figure 5: Congruency with right triangles (only one triangle shown).

- when the angle is obtuse and BC>AB there is a unique triangle that can be formed with that SSA data. So, given the same elements, we can only construct a unique triangle. Also, since angle BAC is obtuse, the two other angles in the triangle must be acute. However, figure 4 shows that in order to get two triangles with the same SSA data, one must have an obtuse angle besides the angle given (e.g., angles AEB and ABF are obtuse).
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Figure 6: Congruency with obtuse angles (only one triangle shown).

- when BC=BF<AB there is also a unique triangle that can be formed with that SSA data. In this case, the other ray that intersects segment AD would be on the other side of A. So, given the same elements, we can only construct a unique triangle. 
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Figure 7: Congruency with obtuse angles (only one triangle shown).

In the last two cases we abuse the “proof by construction” to argue that two triangles are congruent: since given the same elements one can only construct a unique triangle, then all triangles constructed from those same elements must be congruent to the others.

