MATH 131 Problem Set 4                                                 Adrian Ilie


Definitions: Recall that a Saccheri quadrilateral is a quadrilateral ABCD with two adjacent right angles, say angles B and C, and equal arms, AB = CD. A Lambert quadrilateral is a quadrilateral ABCD with three right angles, say angles A, B, and C.

We assume for convenience that quadrilaterals are convex, that is, that all four angles are less than 180°. (In the case of the sphere, this implies they are also small.)

Prove Theorems 1 and 3 for the Euclidean plane, hyperbolic plane, and sphere; prove Theorem 2 for the hyperbolic plane and sphere.

1 (SASAS congruence) Given general convex quadrilaterals ABCD and EFGH with AB = EF, angle B = angle F, BC = FG, angle C = angle G, and CD = GH, the quadrilaterals are congruent.
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Figure 1: Two SASAS congruent Saccheri quadrilaterals.

Since AB = EF, angle ABC = angle EFG, and BC=FG, triangles ABC and EFG are congruent (SAS). It follows that AC = EG, angle BCA = angle FGE, and angle BAC = angle FEG.

Since angle BCD = angle FGH and angle BCA = angle FGE, it follows that angle ACD = angle BCD – angle BCA = angle FGH – angle FGE = angle EGH.

Now we have AC = EG, angle ACD = angle EGH, and CD = GH. It follows that triangles ACD and EGH are congruent (SAS). It follows that AD =EH, angle ADC = angle EHG, and angle DAC = angle HEG.

Since angle BAC = angle FEG and angle DAC = angle HEG, it follows that angle BAD = angle BAC + angle DAC = angle FEG + angle HEG = angle FEH.

So, AB = EF, BC = FG, CD = GH, DA = HE and angle ABC = angle EFG, angle BCD = angle FGH, angle CDA = angle GHE, angle DAB = angle HEF.

Since all the corresponding distances and angle measurements are equal, there exists an isometry that carries quadrilateral ABCD into quadrilateral EFGH. So, quadrilateral ABCD and quadrilateral EFGH are congruent.

The proof is valid on the Euclidean and hyperbolic plane, as well as on the sphere.

2 Two Saccheri quadrilaterals are congruent if they have equal arms and equal summit angles. In other words, two Saccheri quadrilaterals ABCD and EFGH, having right angles at B, C, F, and G, are congruent if AB = EF and angle A = angle E.
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Figure 2: Two congruent Saccheri quadrilaterals.

We need to show that on the sphere or hyperbolic plane, AD = EH and BC = FG.

Assume that it is not so. We pick D’ on EH such that ED’ = AD and C’ on FG such that FC’ = BC (the cases where points D’ and C’ are not between E and H, respectively F and G, are similar). Then rectangles ABCD and FC’D’E are congruent, because AD = ED’, angle DAB = angle D’EF, AB = EF, angle ABC = angle EFC’, and BC = FC’ (SASAS, proved in the previous problem). It follows that angle ADC = angle ED’C’, and angle BCD = angle FC’D’.

But we have angle ADC = angle EHG, and angle BCD = angle FGH. Then, angle EHG = angle ED’C’, and angle FGH = angle FC’D’.

So, geodesic D’C’ is a parallel transport of line HG both along geodesic EH and along geodesic FG. This is impossible, both on the sphere and the hyperbolic plane (it would only be possible if segments D’H and C’G crossed each other in the middle). On the sphere, geodesics meet at opposite points, and if they are parallel transports of each other along a common perpendicular, they are not parallel transports of each other along any other geodesic that doesn’t cross the first one in the middle. On the hyperbolic plane, two geodesics that have a common perpendicular diverge, so they cannot form the same angle with any other geodesic (be parallel transports of each other along any other geodesic that doesn’t cross the first one in the middle).

By contradiction, our assumption has to be false, so AD = EH, and BC = FG.

Summarizing, AB = EF, BC = FG, CD = GH, AD = EH and angle ABC = angle EFG, angle BCD = angle FGH, angle CDA = angle GHE, angle DAB = angle HEF.

Since all the corresponding distances and angle measurements are equal, there exists an isometry that carries quadrilateral ABCD into quadrilateral EFGH. So, quadrilateral ABCD and quadrilateral EFGH are congruent.

3 Two Lambert quadrilaterals are congruent if their fourth angles are equal and the sides adjacent to the fourth angles are equal, respectively. In other words, two Lambert quadrilaterals ABCD and EFGH, having right angles everywhere except (possibly) at D and H, are congruent if angle D = angle H, AD = EH, and CD = GH.
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Figure 3: Two congruent Lambert quadrilaterals.

Since AD = EH, angle ADC = angle EHG, and CD = GH, triangles ADC and EHG are congruent (SAS). It follows that angle DAC = angle HEG, angle DCA = angle HGE, and AC = EG.

Since angle DAB = angle HEF = 90 degrees, and angle DAC = angle HEG, it follows that angle BAC = angle DAB - angle DAC = angle HEF - angle HEG = angle FEG.

Similarly, since angle DCB = angle HGF = 90 degrees, and angle DCA = angle HGE, it follows that angle BCA = angle DCB - angle DCA = angle HGF - angle HGE = angle FGE.

Now we have angle BAC = angle FEG, AC = EG, and angle BCA = angle FGE. It follows that triangles ABC and EFG are congruent (ASA). So, AB = EF, and BC = FG.

So, AB = EF, BC = FG, CD = GH, DA = HE and angle ABC = angle EFG, angle BCD = angle FGH, angle CDA = angle GHE, angle DAB = angle HEF.

Since all the corresponding distances and angle measurements are equal, there exists an isometry that carries quadrilateral ABCD into quadrilateral EFGH. So, quadrilateral ABCD and quadrilateral EFGH are congruent.

The proof is valid on the Euclidean and hyperbolic plane, as well as on the sphere.
