Statistical Control of Nonlinear Diffusion:An Integrated Approach in Image ProcessingSegmentation and Classification of Multi-EchoMR Images: an Integrated ApproachTerry S. YooDepartment of Computer ScienceUniversity of North CarolinaChapel Hill, NC 27599-3175, USAA dissertation proposal in partial fulfillment of the degreerequirements for the Ph.D. in Computer ScienceAbstractI propose to explore diffusion as a filtering mechanism for multivalued medical images.My intended approach is to modify conductance parameters of the diffusion equationadaptively based upon local statistical properties of the image. This form of nonlinear orvariable conductance diffusion (VCD) will be implemented for filtering not only imageswith multiple values, but also the measured higher order statistical moments of the images.As this research develops, effort will be directed toward employing these techniques tofiltering multivalued images in the presence of nonlinear intensity and contrast distortionstypically present in images acquired using medical magnetic resonance instruments.1. IntroductionThe first task in the computer aided visualization of medical images is object definition, theisolation of organs and other solid masses (such as tumors) within medical images. In MagneticResonance Imaging (MR) it is possible to modify the acquisition process to emphasize thedistribution of water and fatty tissue throughout the represented anatomy. Images with multiplevalues per pixel (each value generated using different acquisition parameters) may be generated toimprove the recognition of disease processes, improving diagnosis and treatment. Trainedclinicians are able to view multiple 2D representations of the separate image values and mentallysynthesize them into single coherent representation.In MR images even simple approaches to object definition are often difficult to automate. MRimages contain distortions many of which exhibit large scale and are often intensity dependent. Byvirtue of their ability to adapt to local image statistics, humans are capable of perceiving a greatwealth of information in MR data. Traditional computer mechanisms for classification are toosensitive to absolute intensity and do not incorporate either the geometry of objects within theimage or the scale at which information is represented. On the other hand, MR images have theadvantage of providing multiple intensities (multivalued intensity) at each location.I intend to construct a family of mechanisms to filter multivalued MR images for improvedtissue classification. Filtering systems based on variable conductance diffusion (VCD) incorporategeometry and scale with spatially adaptive nonlinear filters. I wish to extend the VCD metaphor toincorporate multiple values and recognize local statistical properties within MR data. The researchmy be extended to address clinical questions using diffusion based classifiers on MR images.

July 14, 1995Yoo Dissertation Proposal 2Thesis:Statistical control of variable conductance diffusion reduces error in the segmentation of multivalued magnetic resonance images in the presence of noise and non-stationary distortions of signal intensity.

1.1. BackgroundGiven an intensity function

I x,t

( ), (where

x

is spatial location and t represents time), consider theisotropic diffusion equation

∂I x,t( )∂t = ∇ •c∇ I x,t( )

(1)In nonlinear or variable conductance diffusion (VCD) the equation is modified to incorporate bothscale and geometry. The constant conductance value c becomes a function, g(), of both geometry(e.g., gradient magnitude at a particular pixel location,

x

) and scale (where scale is the size of theaperture at which the gradient is measured). The modified gradient magnitude VCD equation is

∂I x,t( )∂t = ∇ • g ∇ I x,t( )⊗ G x,s(t)( ) ( )∇ I x,t( ) ( )

(2)

g ∇ I(x,t)⊗ G x,s(t)( )

( ) = e− ∇ I(x,t)⊗ G x,s(t)( ) 2k2

(3)The symbol ~ is the convolution operation. The control parameter k is the conductance parameterand it remains constant. It controls the rate of the variable conductance given a perceived intensitygradient at aperture s(t). The aperture

G x,s(t) ( )

is a Gaussian convolution kernel whose scale oraperture, s(t) is monotonically decreasing with time t. The resulting equation describes an adaptivefilter for reducing noise within images while preserving boundary information.In his dissertation research Whitaker suggested that nonlinear diffusion implicitly warpsdistances within the image. Eberly extends this metaphor in his dissertation to include the conceptof scale space and states that nonlinear diffusion may be consider to be linear diffusion in a non-Euclidean space. The modification of Euclidean distances to some other distance metric define theparameters of the non-linear diffusion equation. That is, given a distance metric for a non-Euclidean space one may generate a nonlinear diffusion equation that operates in Euclidean spaceand vice versa. The scale space distance metric corresponding to the linear equation (1) is

dl2 = dx•dxc2 2 + dtc 2

(4)where arc-length l is expressed in terms of Euclidean distances in

x

, time t, and is normalized bythe conductance parameter c. In equation 2 and other versions of the nonlinear diffusion equationconductance becomes a function of gradient magnitude or other measures of dissimilarity.Consequently, it is equivalent to discuss the structure of the conductance function and the distancemetric associated with the corresponding scale space. I shall use the term diffusion metric todescribe the combined effects of the sampling operation and the modified conductance function.

July 14, 1995Yoo Dissertation Proposal 3There are several unanswered questions regarding variable conductance diffusion. Throughmy dissertation I wish to explore (a) different forms of the scale selection function s(t), (b)different diffusion metrics based upon sampling operators other than gradient magnitude, and (c)the geometry of multivalued images.2. ApproachI am exploring the use of operators other than Gaussian convolution with gradient values as thebasis for VCD. Multivalued MR images do not represent a well behaved vector space. No implicitbases are available to aid in the determination of multivalued intensity gradients. Thisincommensurable nature of the multiple values of multiecho MR imaging leads me to explorestatistical measures of the image intensity values.MR is particularly sensitive to distortions of intensity. Anomalies in the induced magnetic fieldoften result in image regions with depressed intensity gain combined with a decrease in contrast inthose regions. This property encourages my research toward exploring statistical operators of thehigher order central moments of local image intensity as measures that are insensitive to shifts inabsolute intensity. Normalizing these moments by the variance yields statistics that are insensitiveto fluctuations of both intensity and contrast.The successful completion of this dissertation will require me to address the following issues.¥Identify a local statistical operator (or family of operators) that is invariant with respectto spatial translation, spatial rotation, and variations of intensity gain and contrast.¥Explore the use of higher order moments of these operators, in particular second, thirdand fourth order moments¥Extend these measures to multivalued images.¥Develop a multiscale analysis method based upon these operators.¥Employ this invariant operator in a VCD equation and demonstrate its utility in filteringmagnetic resonance images so as to achieve segmentation and improved tissueclassification.2.1. Previous Work / Completed TasksSome work is already in progress to address the issues listed above. I have begun analysis andimplementation of a family of spatially adaptive statistical operators. I perform a statistical analysison the neighborhood surrounding a pixel by measuring probability distributions within a Gaussianenvelope centered about that pixel.Consider the measurement made using a Gaussian sampling kernel to be the average orexpected value of I over the neighborhood surrounding location

x

defined by the aperture value s.This implies that the local mean over this neighborhood can be defined by

Local Mean

μ I x|s( ) = I(x)|s = P(I(x))I(x)

neighborhood ( s )

∑ = G(x,s)⊗ I(x)

(5)where

I(x)|s

is the local expected value of

I(x)

measured with aperture s and

P I(x) ( )

is theprobability of observing the value

I(x)

.

July 14, 1995Yoo Dissertation Proposal 4Beyond the calculation of a local mean, it is straightforward to calculate a value for the localvariance and the related standard deviation over the neighborhood specified by scale s.

Local Variance

μI2( ) x|s( ) = I(x)− μI x|s( ) ( )2 s = P I(x)( ) I(x)− μI x|s( ) ( ) neighborhood ( s )∑ 2

= G(x,s)⊗ I(x)( )2 − μI x|s( )( )2

(6) Local Standard Deviation

σ I x|s( ) = μI2( ) x|s( )

(7)Generally, like gradient magnitude, local variance increases and then falls back as you pass acrossan object edge. Observe that the third and fourth local central moments are easily calculated in asimilar fashion.Other Central Moments:

μI3( ) x|s( ) = G(x,s)⊗ I(x)( )3 − 3μI x|s( )μI2( ) x|s( )− μI x|s( )( )3

(8)

μI4( ) x|s( ) = G(x,s)⊗ I(x)( )4 − 4μI x|s( )μI3( ) x|s( )− 6 μI x|s( )( )2μI2( ) x|s( )− μI x|s( )( )4

(9)The use of the Gaussian distribution as the neighborhood function is a result of constrainingthe sampling filter to be invariant with respect to particular transformations of

x

. An additionalconstraint placed upon the operators is that the sampled measurements of the array of

I(x)

beinvariant with respect to linear transformations of I. Such measures may be obtained bynormalizing the central moments with multiples/exponents of the standard deviation. The resultingmeasures are described as skewness and kurtosis. Their local manifestations, given a samplingaperture s, may be defined as

Local Skewness

γ^I_{3( )} x|s( ) = μ_{I3( )} x|s( ) σ^I x|s( ) ( )_3

(10)

Local Kurtosis

γ^I_{4( )} x|s( ) = μ_{I4( )} x|s( ) σ^I x|s( ) ( )_4

(11)The Skewness operator, like the Laplacian operator, generally begins polarizing in theproximity of an object boundary and changes polarity across the border. Kurtosis reflects thepeakedness of the local probability distribution. Its behavior is similar to the gradient magnitude ofthe variance operation, increasing as samples are taken near an object boundary and thendecreasing again, generating a local minimum at the object border.Figure 1 shows an example image with each of the local statistical measurements applied at afixed sampling aperture. The image on the far left shows the original figure with a raster resolutionof 128x128 pixels and zero mean Gaussian distributed white noise. SNR of this image is 4 to 1.

July 14, 1995Yoo Dissertation Proposal 5The images from left to right are the local mean, the local variance, and the third and fourth localcentral moments. The sampling aperture has a spatial standard deviation of three pixels.