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Boolean Algebra Laws

__Name | ___ORForm | ____ANDForm

ldentity A+0=A A-1=A

Null A+1=1 A-0=0
l[dempotent A+A =A A-A=A
Complement A+A=1 A-A=0
Commutative A+B=B+A A-B=B-A
Associative (A+B)+C=A+(B+C) (A-B)-C=A-(B-C)
Distributive A-(B+C)=(A-B)+(A-C) A+(B-C)=(A+B)-(AFC)
De Morgan’s A+ B=A-B A-B=A+B




Recall: Transistor Count

Number of Transistors

NOT 2
AND 6
OR 6
~ NAND 4 7
/ NOR 4 /%&
XOR 12

XNOR 12




Comparing Number of Transistors Used
Original Circuit Simplified Circuit

AlO
v AQF——O
B |0

fY=A-(A+B)} Y=A

Number of Transistors = 12 Number of Transistors = 0O




Your Turn!
Simplify the following Boolean expression:-—=B + EC

CRopt e —Tr————

|ldentity A+0=A A-1=A
Null A+1=1 A-0=0
\K%’J{ C—w |dempotent A+A =A A-A=A
Complement A+A=1 ﬂ AA=0
Commutative A+B=B+A A-B=B-A
\M Associative (A+B)+C=A+(B+C) (A-B)-C=A-(B-C)
_~PDistributive A-(B+C)=(A-B)+ (A-C) A+(B-C)=(A+B)-(A+C) %

%"ﬁ" <_/ De Morgan’s A+ B=A-B A-B= A+8B




Your Turn!

B + BC
| Name | ORForm AND Form
ldentity A+0=A A-1=A
= Null A+1=1 A-0=0
(B+B)(B + C)
l[dempotent A+A =A A-A=A
(1)(B T C) Complement A+A=1 A-A=0
B+ C Commutative A+B=B+A A-B=B-A
Associative (A+B)+C=A+ (B + () (A-B)-C=A-(B-C)
Distributive A-B+C)=(A-B)+(A-C) A+B-C)=(A+B)-(A+C)

De Morgan’s A+ B=A-B .B=A+B




Recall: De Morgan’s Theorem




DeMorgan’s

AB + CD

m How would you apply DeMorgan’s to this expression?




DeMorgan’s AE,,Z A ’Sf_ ~

AE(:)CD

m How would you apply DeMorgan’s to this expression?

m We group our terms based on the lowest operator precedence
under the bar

m The order of operations for Boolean Algebra is NOT, then AND,
then OR. Expressions inside brackets are always evaluated first.

m |n this case, the operator with the lowest precedence is OR

(\ —> (AB)(CD)
> (A+ B)(C + D)

—_——




DeMorgan’s a % - T S

N TN B At

m How would you apply DeMorgan’s to this expression?




DeMorgan’s

AB + C

m How would you apply DeMorgan’s to this expression?
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DeMorgan’s

m How would you apply DeMorgan’s to this expression?

(A+B)(C+D)YE+F)+G

7&?%: X~

T = A AR

12



DeMorgan’s

m How would you apply DeMorgan’s to this expression?

—> (A+B)(C+D)(E +F)FG

-‘h-.____-—-"-_'_"-\‘.‘f_

*?(A +B(C+D)E+F):C

l —_—

Fi

(A+B4C+DHE+F)-G

Q,S Jaﬁ\p\{g\%

_~ (AB+CD+E+F)-G




Your Turn!

Simplify the following Boolean expression:
ABC + ABC + ACB + ACB + ABCD + AB+C

___Name | ORFom AND Form

|ldentity A+0=A A-1=A
Null A+1=1 A-0=0

ldempotent A+A =A A-A=A
Complement A+A=1 A-A=0
Commutative A+B=B+A A-B=B-A
Associative (A+B)+C=A+(B+C) (A-B)-C=A-(B-C)
Distributive A-B+C)=(A-B)+(A-C) A+(B-C)=(A+B)-(A+C)
De Morgan’s A+ B=A-B A-B= A+B




Your Turn!
ABC + ABC + ACB + ACB +

B

Rl
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Your Turn!
ABC + ABC + ACB+ ACB+ ABCD+ AB+C

AB(C + C) + B(AC + AC) + AB+ C + D + (AB)C
AB(1)+B(1)+AB+C+D+ (A+ B)C
AB+B+AB+C+ D+ AC + BC
AB+B+C+ D+ AC+ BC
BA+1D+C(1+A4A)+ BC+D
B(1)+C(1)+ BC+D
B+C+ BC+D
B+C(1+ B)+D
B+C()+D
B+C+D

e —
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Optimizing Our Gates

A

B

C

(0]

Lo

@) ®) @)

Lo

o

S[e

v

;

oY



Optimizing Our Gates

Yay! We did it!



Logically Equivalent Circuits

m For any input, they will produce the same output
m |n other words, their truth tables are equivalent
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Inverters

—PDO——PO— v -
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Any even number of inverters chained together is logically equivalent to having no inverters
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Inverters

A —PDO—PO—PO—

A

logically
equivalent
circuits

\ 4

Any odd number of inverters chained together is logically equivalent to having one inverter
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Bubble is Logically Equivalent to Inverter

A
Y 4 transistors
B - I

WNoy

A
Y 8 transistors
B —_— -
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0 O
0 1
1 0
-1 1
0 0
0 1
1 0
1 1
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Ex1: Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters.




Ex1: Minimizing Transistor Count

Step 1: Start with the right-most gate. Turn it into a NAND gate. Then
add bubbles to make the circuit logically equivalent.

A A
NAND gates: Y Y
L 5
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Ex1: Minimizing Transistor Count

Step 2: Now make the top left gate a NAND gate. Then add a bubble
to make the circuit logically equivalent.

NLANTS
\'ijﬂ\ (a Z\%

A A
NAND gates: Y Y
L 5
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Ex1: Minimizing Transistor Count

Step 3: Cancel out the free bubbles.




Ex1: Minimizing Transistor Count

Step 4: Draw the gates in their conventional form.

Original Transistor Count: 14
Final Transistor Count: 8

——
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Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters. Compare the number of transistors in the original
circuit and the new circuit.

Lo g \(/uQ

o [T Dol 4T D WAVE
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Minimizing Transistor Count

Step 1: Transform the OR gate into a NAND gate. Add bubbles to
make the circuit logically equivalent.

A |OF1OHC

o
B |O wae Om®

\| /
L
\ 7/
@

A A
NAND gates: Y Y
g 5

5



Minimizing Transistor Count

Step 2: Cancel out extra bubbles and inverters.
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Minimizing Transistor Count

Step 3: Draw the gates in their conventional form.

Original Transistor Count: 12
Final Transistor Count: 6
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Ex2: Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NOR gates and inverters.

A A
NOR gates: :D)—Y Y
B B
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Ex2: Minimizing Transistor Count

Step 1: Start with the right-most gate that is not an inverter. Turn it
into @ NOR gate. Then add bubbles to make the circuit logically
equivalent.

A A
NOR gates: :D)—Y Y
B B
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: Minimizing Transistor Count

Step 2: Move to the next gate on the left. Transform this into a NOR
gate. Add a bubble to make the circuit logically equivalent.

.Q.QQ
o

> 0

A A
NOR gates: :D)—Y Y
B B

38



Ex2: Minimizing Transistor Count

Step 3: Cancel out the extra bubbles and inverters.

2L



Ex2: Minimizing Transistor Count

Step 4: Draw the gates in their conventional form.

Original Transistor Count: 18
Final Transistor Count: 8
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Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters. Compare the number of transistors in the original
circuit and the new circuit.

1 e ) S
D |O >C . .

A A
NAND gates: Y Y
L 5

e
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Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters. Compare the number of transistors in the original
circuit and the new circuit.

| | e4pd—o0r

C @ A W .
— ':L%’.'. e
0 Poded 7] O

A A
NAND gates: Y Y
L 5
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Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters. Compare the number of transistors in the original
circuit and the new circuit.

o | ¥
o0 ) DPo—9

> o

E|O —

A A
NAND gates: Y Y
L 5

oo
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Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters. Compare the number of transistors in the original
circuit and the new circuit.

| X
o | PPo—T).

Original Transistor Count: 32
Final Transistor Count: 24
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Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters. Compare the number of transistors in the original
circuit and the new circuit.

1>
B O
~»—o-
C >C
o
D @ . - you could minimize the number of

> 0
E @ transistors further by turning this

> e 3>
A A/ D .




Minimizing Transistor Count

Minimize the number of transistors in this circuit by redesigning it to use only
NAND gates and inverters. Compare the number of transistors in the original
circuit and the new circuit.

I; ~ -. -o O Y
E—— P

Original Transistor Count: 32
Final Transistor Count: 22
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GATES WITH 2+
INPUTS




3-input AND

logically
equivalent
circuits

O

HHHHOOOOH

HOHOHOHOH

HOOOOOOOH
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3-input NAND

A/ B |C|Y
A O 0 0 1
g Y 0O 0 1 1
O 1 0 1
Ieg"fv";it o 1 1 1
circuits

A 1 0 0 1
1 0 1 1

B Y
C 1 1 0 1
1 1 1 0
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3-input XOR

A
B Y
C

Iog|cally
equwalent
circuits

B
O
O
1
1
O
O
1
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O
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O
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O
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O
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O
O
1

For any number of inputs, the outputis 1 when an odd number of inputs is 1
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3-input XNOR

logically
equivalent
circuits

O

HHHHOOOOH

HOHOHOHOH

OHHOHOOHH
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A Systematic Design Approach

Truth Table

C B A|Y 1) Write the functional spec as a truth table
O 0 OO 2) Write down a Boolean expression for every ‘1’ in the output
O 0 1 _ _ _
"_)0 1 0 %-D Y=(C*B*£)+(C*B*A)
0 1 135 +(C*B*A)+(C*B*A)
1 0 0}0 3) Wire up the ideal gates, replace them with equivalent
1 0 10 realizable gates, and we’re done!
1 1 O
1 1 1 This approach will always give us logic expressions in a

particular form:
-it's systematic!

_. -it works!
"ét [ SUM-OF-PRODUCTS! ]

S




Straightforward Synthesis

Truth Table

(9

v e

>

<

cw>
4

We can implement

.

with just 3 levels of logic. A —>¢

SUM-OF-PRODUCTS ¢ —>O—

-

-

INVERTERS/AND/OR

—_ == O0000
= = O O = = 0O 0O
- O = 0= 0=0
= = O O = 0O = 0O

\

.

Y=(C*B*A)+(C*B*A)
+(C*B*A)+(C*B*A)
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o o o o o O NS N
E N I " C | want to build a circuit that will output 1 if
0 0 1 0 2 O aAs>Band0ifA<=B.AandBare both
0 0 1 1 3 O two-bit unsigned numbers.
@ ) TN\
0 T —o0—4 5 7 Additionally, define A;and B;as the left
0 1 1 0 6 <’ bitsof Aand B, and Ayand B, as the right
0 1 1 1 7 2 bits.
1 0 0 0 8\ — .
1 0 0 1 9\ tj —_—A A \% ‘%
1 0 1 0 10 ¢ R AR
1 0 1 1 1 o
1 1 0 0o 12
1 1 0 1 13
1 1 1 0 14
1 1 1 1 15 €2 o1




Let’s Try it Out
I N N N

| want to build a circuit that will output 1 if

0 0 0 0 0

0 0 T 1 0 A > B, and O if A<= B. Aand B are both

0 0 1 0 0 two-bit unsigned numbers.

0 0 1 1 0

0 1 0 0 1 Additionally, define A;and B;as the left

0 1 0 1 0 bits of A and B, and Ayand B, as the right
0 1 1 0 0 bits.

0 1 1 1 0

1 0 0 0 1

1 0 0 1 1 o o S I

| 0 | 0 0 AIAOI?IBO + AleBllﬁo + A1 AyB1 By + A1 AyB1 B) +
! 0 ! ! 0 A1AyB, B, + A1 AyB, B,

1 1 0 0 1

1 1 0 1 1

1 1 1 0 1

1 1 1 1 0
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Simplify?

/111401?130 + AI/IOBII?O + A1AyB1 By + A1 AyB1 By +
AlAOBlBO -+ AlAOBlBO
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Let’s Try it Out
N N N

| want to build a circuit that will output 1 if
A>B,and O if A<= B. Aand B are both

two-bit unsigned numbers.
Additionally, define A;and B;as the left

bits of A and B, and Ayand B, as the right
bits.

Al_B_l + AD_B_l_B_[} + AlAg_B_U

r B B P PR P P B OO OOOO O O
r B B B OO OO OGP PR PR PR OO O O
h B O O P P OO P P OO RrR R O O
L O B O P O P O P OFLP OFrR OpPFr O
©O P P BpP OOFR PR OOOTVPR OO O O
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