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COMP 311:
Computer Organization!

Lecture 14: K-Maps! Yay!!
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Logistics Update

* Lab 2 Due 10/22
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Plan for Class Today &

» 3:35-4:15: K-Map Definitions /Guiding Question ©
* 4:15-4:20: Break
» 4:20-4:50: K-Map Practice How can we simplify

Boolean logic without
doing a long algebraic

\ derivation? /




Karnaugh Maps




Minimizing Logic (10 4

* Previously, we have discussed how to systematically convert logic specified as a
truth table into sum-of-products (SOP).

» SOP gives us a correct Boolean expression, but not necessarily the simplest one

* Boolean algebra can simplify expressions, but finding the right transformations
can be tricky.

 Today we will discuss a more visual, systematic method for logic minimization,
called a Karnaugh map, that is based on the clustering of terms.

* Why learn them? To build intuition for logic optimization and understand what
modern synthesis tools automate.



Karnaugh Maps (K-Maps) &

* Provide a graphical method to find simplified Boolean Equations

- K-maps make combinable terms (like the ones we just saw) easy to see by
placing them next to each other on a grid!

» If you follow the procedure properly, you will end up with the most simplified
equation!

* As an example consider the 2-variable Karnaugh map for the NAND function.

bz o J
A | B INAND B |
0ol o 1 A 0 1 Because of this
0 | 1 1 7'\ > arrangement it is
1 0 1 2 9 1 \ 1 — easier to see
11110 1 \1 ) O relationships between
R

variables!
NAND truth table ~ VAND Katnaugh map

_____—#F




Karnaugh Maps (K-Maps) \JB o ’fé &

A Karnaugh map is an alternate truth-table layout that places
output terms such that shared variable states are adjacent. As an

example consider the 2-variable Karnaugh map for the NAND
function.

J The first row of 1s is where
Al B Y B Y=A |
ol ol 1 A 0 1 and the left column is
~ here
0| 1 1 —Z Whert
1 10| 1 L E TN l Y = B, which together gives
111 o0 1 \ 0 o
NAND Karnaugh =4+ D5
NAND truth map the De Morgan version of a
table

NAND gate !



Some K-Map Definitions



K-Map Definitions

- Literal: A single variable, may be complemented
- A A

* Product Term: AND/conjunction of literals
« ABC ,
» Not a product term: ACB A — S

* Minterm: Product term in which all variables appear once.
- EX: if there are 3 input variables (A, B, C)
* Minterms: ABC, ABC
- Not minterms: A, AC
- Maxterm: Sum term in which all variables appear once
* Mixterm: A+ B + C
* Not maxterm: C,A + C




Minterms

1

ABC

10



Deriving Equations Using Minterms 8

» Take the sum of the minterms of the rows whose output is 1
n“_mm

0 0 0 1 ABC

0 0 1 0 ABC m,
0 1 0 1 ABC m,,
0 1 1 0 ABC m,
1 0 0 0 ABC m,
1 0 1 1 ABC ms
1 1 0 0 ABC Mg
1 1 1 1 ABC myz

F = ABC + ABC + ABC + ABC
é@ F(A, B, C) =M21m5' m?) -

11




Recall: Sum of Products Form &

When two or more products (AND) are summed (OR) together

Sum of Products Not Sum of Products
Y = AB + AC Y = (4 + B)(C + A)

12



Recall: Sum of Products Form

When two or more products (AND) are summed (OR)
together

Sum of Products Not
SUW nf Dradhiinte ~
Y —

Canonical Sum of Products: A sum of products form

In which each product contains all literals
\ y

Canonical Sum of Products Form F = AB(C + ABC + ABC + ABC

Simplified Sum of Products Form F = [TC_ + AC

13



Maxterms

14
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Maxterms &

 Take the product of the maxterms of the rows whose output is 0

A B | C ____F | Maxterm | Maxterm Name

0 0 0 1 A+B+C

0 0 1 0 A+B+C M1
0 1 0 1 A+ B+C M,
0 1 1 0 A+ B+C M
1 0 0 0 A+B+C M,
1 0 1 1 A+B+C M;
1 1 0 0 A+B+C Mg
1 1 1 1 A+B+C M,

F=(A+B+C)YA+ B+C)(A+B+C)(A+B+0)
F =TI(My, M3 My, M)

15



Why does this work? (I

“n_ Let's create the canonical SOP equation for F

F = ABC + ABC + ABC + ABC

(@)

If we negate both sides, we get

F = ABC + ABC + ABC + ABC

_ A a2 2 O O O O

- O = O O = O —

_ a2 O O -~ a O oo
-_ 0 - O -~ O -0

Applying DeMorgan’s, we get the same equation

F=(A+B+C)A+ B+C)(A+B+C)(A+B+ ()

16



K-maps from Truth
Tables
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Y = ABC + ABC

Y = AC
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3-input Function 8

cly BC
AT "B

0 0

10 0 1 1

20 1 0 O n

330 1 1 1

41 0 0 O

51 0 1 0 Each box in the K-Map corresponds to a

single row in the truth table

61 1 0 O

71 1 1 0

20



3-input Function

o

Bc L.\
oflo 0o 0 0] m oo mﬂﬂ
10 0 1 1 —>0 o |
20 1 0 0 n
30 1 1 1
4 1 O O O Each box in the K-Map corresponds to a single row in the truth table
°1 0 10 Row 0
61 1 0 O A=0,B=0,C=0
711 1 0 Y=0

21



3-input Function

00 O
110 0 1 1 ]
—~ 20 1 0 O
30 1 1 1
4 1 O O O Each box in the K-Map corresponds to a single row in the truth table
°1 0 10 Row 1
651 1 0 0 A=0,B=0,C=1
71 1 1 0 Y =1

22



3-input Function

A B C Y

00 0 0 O

10 0 1 1

200 1 0 O]

30 1 1 1

4 1 O O O Each box in the K-Map corresponds to a single row in the truth table
°1 0 10 Row 2

651 1 0 0 A=0,B=1,C=0

71 1 1 0 Y=0

23



3-input Function 8

imm " 10

00 O O O

10 0 1 1 1,01 o,

20 1 0 O n O DSOS O

310 1 1 1]

4 1 O O \O | Each box in the K-Map corresponds to a single row in the truth table
> 1 0 110 Row 3

61 1 0 (0 A=0,B=1,C=1

71 1 1 Y=1

G

24



3-input Function 8

cly BC
DCEN . e
> TRRD

0 0

10 0 1 1

‘. 1 ) 0 n 0 4 0 5 0 7 06

3 0 1 1 1

41 0 0 O

51 0 1 0 Each box in the K-Map corresponds to a

single row in the truth table
651 1 0 0
71 1 1 0

25
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3-input Function

o
-
-
-
—
1
o
(=
o

BC

A

11 1302

0

0

0, 0_ 0 O,

1

1

170 O

26



Gray Code

* Successive values differ by only one bit

— Gray Code Binary Code
00 00
01 01 érl b]icllr)ary r?ode, two
11 10 Ry

10 11

27



3-input Function 8

cly BC
DCEN
n Oo 11 13 O2

0 0
1T 0 0 1 1
20 1 0 0 "N 0,0, 0, 0
4 5 V4 6
30 1 1 1
41 0 0 O
Each square in a K-map differs
51 0 1 O ; .
rom an adjacent square by a
61 1 0 O change in a single literal
1.1 1 0

28



3-input Function

A B C Y
O 0 O O
=1 0 0

OOOOAO\A/

N O O b~ WODN
_ A A 2 O O
—_ O -~ O - O =

1
1
0
0
1
1

Let’'s examine the squares
around box 1

29



3-input Function

A B C Y

00 0O O O
10 0 1 1
20 1 0 O
30 1 1 1
41 0 0 O
51 0 1 O Box 0 differs by the C literal
61 1 0 O
1.1 1 0

30



3-input Function

A B C Y

00 0 0 O
10 0 1 1
20 1 0 O
330 1 1 1
41 0 0 O
51 0 1 0 Box 3 differs by the B literal
61 1 0 O
71 1 1 0

31



3-input Function

1

170 O

Box 5 differs by the A literal

32



3-input Function
&

cClY BC
A ’imﬂllllm

0 0

10 0 1 1 K} o,

20 1 0 O E 05:] 0.

30 1 1 1

41 0 0 O

51 0 1 0 Diagonal entries are not
considered adjacent

61 1 0 O

1.1 1 0

33



Simplification using the K-Map &
A B C Y ﬁ
0 O § mmnm
I8 o1, 1),
n 0, O5 O7 O6

0
1
0
1
0 To graphically find the simplified
0
0
0

equation, first group the terms together.
Then, find the literals that the group has
In common.

0
1
0
1
0
1
0
1

~N O o WODN -~ O

0
0
0
1
1
1
1

—_ -2 O O - - 0O

34



Simplification using the K-Map &

cly BC
AT m:upqm
n Oo 11 13 O2
n 0, 0, 0, 0,

Which literals do these entries share?

~N O o WODN -~ O
_ O N O N DO -~
O O O O ~ 0O -~ O

0
0
0
1
1
1
1

—_ -2 O O - - 0O

35



Simplification using the K-Map &

s o
OO om J/m
00 0 O O
10 0 1 1 —@ o,[1, 1],
- 1 0 0 n 04 O5 O7 06
330 1 1 1
41 0 0 O
51 0 1 0 We can see that the entries inside of the
51 1 0 0O group each contain 4 and C.
71 1 1 0

36



Simplification using the K-Map &

A B C Y /%m 0

00 O O O

10 0 1 1 n O 1, 140,

20 1 0 0 0,0, 0, 0

330 1 1 1

41 .0 0 0 The literals that the group share form the
51 0 1 O simplified equation.

51 1 0 0 _

1.1 1 0 r=ac

37



Simplification using the K-Map &
A B C Y ﬁ
0 O § mmmm
n Oo 11 12 03
n 0, 0, 0, O

If we had used binary code instead of gray
code, this visual simplification would not
have been possible!

0 O
1 1
0 O
1 1
0 O
1 0
0 O
1 0

~N O o WODN -~ O

0
0
0
1
1
1
1

—_ -2 O O - - 0O

38



Example 2

1
1

00 0 O

1

170 O

39



Example 2

1
1

00 0 O

1

170 O

Step 1: Fill in the K-map



1
1

00 0 O

N

Q@
o
=
©
=

LL

1

170 O
2

O O

o O

0

6

14

5

4

Step 1: Fill in the K-map

41
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1
1

00 0 O

1

170 O

Step 2: Group the terms together

42
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y 00 o1 11 10

m1111
o -o-
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Q@
puoooo
S

© O -

X

LL]

Step 2: Group the terms together
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Example 2

A B C Y

~N O o WODN -~ O

0

0
0
0
1
1
1
1

0

—_ -2 O O - - 0O

0

_ O N O N DO -~

BC
A. 00 01|11 | 10
T, 1,

—>P 1 1,1,
no4o5o7o

6

Step 3: Find the literals that the
group has in common

A .

1
1
1
1
0
0
0
0



Example 2

A B C Y

~N O o WODN -~ O

0

0
0
0
1
1
1
1

0

—_ -2 O O - - 0O

0

_ O N O N DO -~

BC
A. 00 01|11 | 10
T, 1,

0) N A
n040507o6

Step 3: Find the literals that the
group has in common

1
1
1
1
0
0
0
0

45



BC
A. 00 01|11 | 10

1
1

1

00 0 O

170 O

o

Q9
o
=
©
=

LL

no4 0, 0 0,

Step 4: Derive the equation.

46



BC
A. 00 01|11 | 10

1
1

1

00 0 O

170 O

o

Q9
o
=
©
=

LL

no4 0, 0 0,

Step 4: Derive the equation.

Y=A

47



K-Map Grouping Rules



K-Map Grouping Rules

All squares in each circle must contain 1's

B B

3 N0
o o (o) o
. O

Right Wrong

X

49



K-Map Grouping Rules

Groups may be horizontal or vertical, but not diagonal

A Enn inn

|1

Wrong

X

50



K-Map Grouping Eules

AIIIII m&m
n O O 0 O
N o 1 (EHOEE

Groups must
contain 2" cells

wheren =0, 1, 2, Right Right -
etc. BC
immm d wo
O 0 0 O 1 0

+ fiE

- 51
Wrong Right



K-Map Grouping Rules

Each group must be as large as possible

BC BC

g oo ol worno
o | T EED o CRED B
oot 1) hoo(n 1

Right Wrong

X

52



K-Map Grouping Rules &

Each cell containing a 1 must be in at least one group

Y o0 o1 11 o o0lon 1110
no.o o.o
Bl n o1

Right Wrong

X

53



K-Map Grouping Rules

Groups may wrap around the table

54



K-Map Grouping Rules
Every circle should contain at least one unique 1
BC BC
o0 o1 1110 oo 11 10
) 7
n[1111J n[1111?

n00\1 1, n0011

Right Wrong

X

55



Ex: Reading a K-Map




Ex: Reading a K-Map

BC
" EREICEREIED
T o, 0, 01,

n 04{15 1,

Y = AC + BC

57



Ex: Reading a K-Map

BC
A

O O, O
0

1 3

0,[1.1)

1)

1

0/

Wrong — the blue group does not contain
a unique 1. This grouping would produce
a logically equivalent equation, but it
would not be the most simplified.

X

OO 01 03 12|

0,/ 1. 1|1

Wrong — the blue group is not a power of
2. We cannot derive a term for this group.

X

58




K-Map Groups

59



Ex1: Reading A K-Map

A B C Y

BC
0 0 0 0 " IEICIENE

0

EXERENN - Do
S0 11 0 _ RRLRENED
414 0 0 0

54 0 1 0

651 1 0 1 = PA\%
1 1 1 A1



Ex1: Reading A K-Map

A B C Y BC

00 0 0 0 o001 1110
10 0 1 0 noooo
20 1 0 0 —
30 1 1 0 n0405{1716J
41 0 0 0

51 0 1 0

61 1 0 1 r'=A4B
1 1 1 1



Ex2: Reading A K-Map

A B C Y

00 0 0 0 Almlllllm
10 0 1 1 0.0
20 1 0 O

30 1 1 0 n U
41 0 0 O .

51 0 1 0 L&:A@C/
651 1 0 0

1.1 1 0



Ex2: Reading A K-Map

A B C Y

A

00 0 0 0 lmIIIII
10 0 1 1 0.0

20 1 0 O

30 1 10 n %s
41 0 0 0

5 __

1 0 1 0 v iBe

61 1 0 0

11 1 0

63



Ex3: Reading a K-Map 8

‘A|/B C|Y BC

0000  EIION
170 0 1 0 n00010302
SR  oonk
10”0) B K
IR j;Aj%*PrC
S RETEEE > T -




Ex3: Reading a K-Map

A B C Y

BC
0 0 " IEICIENED

00 O

10 0 1 0 n 0.0, 0,0,
20 1 0 O

s I L EERERRS
41 0 0 1

51 0 1 1 )

651 1 0 0 Y = AB + AC
1 1 1 1



Use a K-Map to find the simplified SOP Equation

A B C Y
00 0 0 1
170 0 1 0 P
20 1 0 1 K
8o ~
41 0 0 1
51 0 1 0
6 1 1 0 1
| 1101

66



Use a K-Map to find the Simplified SOP Equation (R

BC
00 0 0] 1 A
10 0 1|0 No (1 (1
20 1 01 T
30 1 1/1 19 0D
41 0 0] 1
51 0 10 _
61 1 0l Y =B +C
1 1 1|1

67



nﬂ“t
0 0

0

4-variable K-Map

CD
= IR
00

©Coo~NOOOTLPA,WDN-~O

— —
AO

- A
~ WD

Use Gray code order so that adjacent
cells only differ by one literal.

- A A A A A A A OO0 OO0 OO0 O o

= A A A OO0 00O A A Am a0 O o
LU e T o TS G G oo T a» DS G G o TN o JRISS G G o
_ O N O N 0O N~ 0O N 0O A 0O A~ 0O -

—
@)

68



: A | B | C | D | Y |
4-variable K-Map —= 0 NGO t
1 0 0 0 1
CD 2 0 0 1 0
3 0 0 1 1
g 00 0111 10 AR
) 0 1 0 1
00 . 6 0 1 1 0
7 0 1 1 1
m 8 1 0 0 0
0 1 0 0 1
10 1 0 1 0
11 1 0 1 1
12 1 1 0 0
13 1 1 0 1
This cell is 0000, so it corresponds to 14 1 1 1 0
row 0 15 1 1 1 1
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4-variable K-Map WSRCERCRRC——,

0) 0 0
—> 1 I N R
CD 2 0 0 1 0
3 0 0 1 1
0001 1110 AR
5 0 1 0 1
6 0 1 1 0
7 0 1 1 1
8 1 0 0 0
e 1 0 0 1
10 1 0 1 0
11 1 0 1 1
12 1 1 0 0
13 1 1 0 1
This cell is 0001, so it corresponds to 14 1 1 1 0
row 1 15 1 1 1 1

70



4-variable K-Map WSRCERCRRC——,

0) 0 0
1 0 0 0 1
CD 2 0 0 1 0
AB 3 0 0 1 1
0001 11 10l AR
) 0 1 0 1
m 0 1 _?. §) \_5_0 1 1 0 -k
21
m C] 38 0 1 1 1
9 1 0 0 0
10 1 0 0 1
11 1 0 1 0
12 1 0 1 1
13 1 1 0 0
This cell is 0110, so it corresponds to 14 1 1 0 1
— rowb 15 1 1 1 0
1 1 1 1



4-variable K-Map

CD
** IR
m 0 1

@ O
0

This cell is 1111, so it corresponds to
row 15 -

0

nﬂ“t
0 0

©Coo~NOOOTLPA,WDN-~O

- A A
W N —O

—
AN
- A A A A A A A OO0 OO0 OO0 O o

=) A A O O O O O A A o0 o o
_ A O O A A~ OO A N0 oo A~ -~ o0
_ O - O -~ O  ~ O ~ O M O . O =

—
@)




4-variable K-Map WSRCERCRRC——,

0 0 0
1 0 0 0 1
CD 2 0 0 1 0
AB 3 0 0 1 1
oo\o1\11|1o B
5 0 1 0 1
00 0 1 3 9 6 0 1 1 0
o 7 0 1 1 1
4 5 7 6 38 1 0 0 0
9 1 0 0 1
12 13 15 14 10 1 0 1 0
11 1 0 1 1
§ 9 11 10 12 1 .o 0
13 1 1 0 1
Use Gray code order so that adjacent 14 1 1 1 0
cells only differ by one literal. 15 1 1 1 1
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0

0

0

A | B | C | D | Y_
0

Ex: 4-variable K-Map

0
0
1

0
0
0

CD

" EEICIEN

— O v~ O «~~ O «~ o

~— O O v«v™ ~~ O O ™ <~

— O O O O v™ ™ ™ «

5 14 6
13 15 14
9 11 10

4
12
8

74



>
p

Y
0

0

0

0

A | B | C | D_
0

Ex: 4-variable K-Map

™ ™ ™ ™ ™ ™ <
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0

0

0

0

A | B | C | D | Y |
0

Ex: 4-variable K-Map

1
1
0

0
0
1

0
0
0

CD

" EEICIE

3 e
—

. w,

—( w©

0

1
12 1

0

0
0
1
4
1
0

76






Q2.1: Reading a K-Map — AﬁCD - 2‘ &




WS Q2.1: Reading a K-Map

CD
* BRI CIRIED)
e 110 0 O

e D
111 110
11 B \1 1) 1]
W1 110 0 O

Y = CD + BD + AB



WS Q2.2: Reading a K-Map

. lﬂﬂlﬂlﬂ
k-

1
(1 O I
O 0 O O
1 0 0 1




WS Q2.2: Reading a K-Map




WS 2.2: Reading a K-Map

CD
~

0

o 1 1

82



Q2.2: Reading a K-Map




Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
* EEICIEN

84



Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
* EEICIEN
k-

1

—

—
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
* EEICIEN
k-

1

—
—

—
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
* EEICIEN
k-

1

—

1

L
1

—
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Simplifying an Equation Using a K-Map

Y = EE + ABCE + ACD + ACD + ABCD

%lmmnm
B

|, ——
1« KR
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
- ECICIEIE
o

1 1

—

1 1
@

—




Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD
CD —

Y

90



Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD
CD

gl 00 01 1110

@ Ne ofr

l:l‘1 0 1

III'1 0 (1 1\

10 RUXAGEIND

1
Y=AC+D o




Recall: Boolean Algebra simplification &

ABC + ABC + ACB+ ACB+ ABCD+ AB+C
AB(C +C) +B(AC + AC) + AB+C + D + (AB)C
AB(1)+B(1)+AB+C+D+ (A+ B)C
AB+B+AB+C+ D+ AC + BC
AB+B+C+D+AC+ BC

BA+1D+C(1+A4)+ BC+D
B(1)+C(1)+ BC+D

B+C+ BC+D

B+C(1+ B)+D
B+C(1)+D
B+C+D

92



Let’s use a K-Map Instead

1. Put the equation in SOP form.
2. Fill out the K-Map.
3. Find the simplified equation.

ABC + ABC + ACB+ ACB+ ABCD+ AB+C

93



Using a K-Map to Simplify a Boolean Equation &

L CD
. Put the equation In AB

SOP form
. Fill out the K-Map

. Find the simplified
equation

ABC + ABC + ACB + ACB+ ABCD + AB+ C

94



Using a K-Map to Simplify a Boolean Equation &

C N
1. Put the equation in SOP form D M‘O% .

ABC + ABC + ACB + ACB + AB

BCD+ AB+C

ABC + ABC + AB+ AC+ ACB+AB+C+ D+ AC + BC

95



Using a K-Map to Simplify a Boolean Equation 8

1. Put the equation in SOP form
2. Fill out the K-Map

ABC + ABC + AB+ AC+ ACB+AB+C+ D+ AC + BC

96



Using a K-Map to Simplify a Boolean Equation

CD
1. Put the equation in SOP form AB -mm

2. Fill out the K-Map m o 1/(1) 1

3. Find the simplified equation I 1\

M onln)n

B+C+D

97
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