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KARNAUGH MAPS




Minimizing Logic
Previously, we have discussed how to systematically convert logic
specified as a truth table into sum-of-products (SOP).

After that, we relied on cleverness, and luck to reduce these expressions
via the properties and theorems of Boolean algebra.

Today we will discuss a more systematic method for logic minimization,
called a Karnaugh map, that is based on the clustering of terms.



Karnaugh Maps (K-Maps)

m Provide a graphical method to find simplified Boolean Equations

m K-maps make combinable terms (like the ones we just saw) easy to see by
placing them next to each other on a grid!

m If you follow the procedure properly, you will end up with the most
simplified equation!

m As an example consider the 2-variable Karnaugh map for the NAND

function.
A m 37”‘ — |
olol 1l @ 0 1 Because of this
- ' — — arrangement it is
01 1111"V/4 o ﬁh 1. |) o J
1101l 1 - C _ ea5|§r os.ee
11110 1 \1 ) O- relaftllcg)lnslrlps between
variables!
NAND truth tgfl:le | N__ANDKamaUgh map 5




Karnaugh Maps (K-Maps)

A Karnaugh map is an alternate truth-table layout that places output
terms such that shared variable states are adjacent. As an example
consider the 2-variable Karnaugh map for the NAND function.

The first row of 1s is where

A B Y B Y = Z \/
ol ol 1 A @ 1 and the left column is

where
0 1 1 _
110 1| 1 @ F 1 1 ] Y = l} which together gives
1 [ 1[0 L= E

Y=A+B
NAND Karnaugh
NAND truth map the De M5 i

table NAND gate 0




SOME K-MAP
DEFINITIONS




K-Map Definitions

—

m Literal: A single variable, may be complemented »
- AA ? C
m Product Term: AND/conjunction of literals

- ABC

- Not a product term: ACB

m  Minterm: Product term in which all variables appear once.
- EX:if there are 3 input variables (A, B, C)
m Minterms: ABC, ABC
m Not minterms: A, AC

m Maxterm: Sum term in which all variables appear once
- Mixterm:A+B + C
- Not maxterm: C,A + C
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Deriving Equations Using Minterms

m [ake the sum of the minterms of the rows whose output is 1

mw

0 0 0 @ ABC

0 0 1 0 ABC m;,
0 1 0 @ ABC m,
0 1 1 0 ABC m;
1 0 0 0 ABC My
1 0 1 @ ABC ms
1 1 0 0 ABC Mg
1 1 1 @ ABC m,

F = ABC + ABC + ABC + ABC
F(A4, B, C) = Y.(my, my, ms, m7)




Recall: Sum of Products Form

When two or more products (AND) are summed (OR) together

Sum of Products Not Sum of Products
Y=AB + AC Y=(A+B)C+A)
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Recall: Sum of Products Form

When two or more products (AND) are summed (OR) together

Sum of Products

Not Sum of Products

Y=AB + AC Y=(A+B)C+A)
4 )
Canonical Sum of Products: A sum of products form in
which each product contains all literals
- y,

Canonical Sum of Products Form ' = ABC + ABC + ABC + ABC

Simplified Sum of Products Form F = /TC_' 4+ AC

12
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Maxterms

m Take the product of the maxterms of the rows whose outputis O

" Maxtorm | Maxtorm Name
0 0 0 1 A+B+C Mo
0 0 1 0 A+B+C M
0 1 0 1 A+ B+C M,
0 1 1 0 A+ B+C M;
1 0 0 0 A+B+¢C M,
1 0 1 1 A+B+C M;
1 1 0 0 A+B+cC M,
1 1 1 1 A+B+C M,

F=(A+B+C) A+ B+C)(A+B+C)(A+ B + C)
F =T1I(My, M3, M, M)
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Why does this work?

“n_ Let's create the canonical SOP equation for F

F = ABC + ABC + ABC + ABC

(@)

If we negate both sides, we get

F = ABC + ABC + ABC + ABC

_ A A a O O O o
=W Nl (<) BN < Nl (o)
- O A O =~ 0O =~ ©o
- O = O O =~ O =~
o Bl o B - B - =kl

Applying DeMorgan’s, we get the same equation

F=(A+B+C)A+ B+C)(A+B+C)(A+B+ ()
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K-MAPS FROM
TRUTH TABLES
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ABC + ABC

Y = AC
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30 1 1 1

ABC

41 0 0 O

51 0 1 O

61 1 0 O

1 1 1 0
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3-input Function

A cCly BC
DOOE (e
o

Each box in the K-Map corresponds to a single
row in the truth table

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Fr O R
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3-input Function

A cly 5C
-0 |’?’g | A‘mm
0 0 1 Do)

Each box in the K-Map corresponds to a single row in the truth table

~N o 00 wWN PR
B B R R OO
B B O O R B
B O R, O Fr O
O O OO Fr O R
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3-input Function

A cly BC
mame B
o ENERN

110 0o 1 1]
20 1.0 0 I!l

G0 1 1 D

4 1 O O O Each box in the K-Map corresponds to a single row in the truth table
1 0 10 Row 1

61 1 0 O A=0,B=0,C=1

71 1 1 0 v=1
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3-input Function

BC
AB ClY A
v0 0 0 0 00 01 11 10
10 0 1 1 |II Vol i IH!
2lo 12 0 0] I!l
30 1 1 1
4 1 O O O Each box in the K-Map corresponds to a single row in the truth table
1 0 1 0 Row 2
651 14 0 O A=0,B=1,C=0
71 1 1 0 y=0
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3-input Function

A cly BC
oOEn e
o, +(1)o,

1 0 0 1 1

20 1 0 0 _JE?Iilc)C) o O

3slo 1 1 1]

4 1 O O O Each box in the K-Map corresponds to a single row in the truth table
°(1 )0 1 0 Row 3

611 0 O A=0,B=1,C=1

711 1 0 v=1
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3-input Function y

A C|Y

noo Eoonn
n Oo 11 13 02

0, 0. 0 0O,

Each box in the K-Map corresponds to a single
row in the truth table

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Fr O R
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3-input Function aray Code

o
ST

O 1 1_0
0

1 3 2

OOOO

4 5 7 6

~N O O WN R O
, BB B O O O
B P O O R R O
B O R, O R O B
O O OO Fr O R
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Gray Code

m Successive values differ by only one bit

— Gray Code Binary Code
00 00
01 01 In binary code, two bits
1 1 10 flip whentvc\)/e2go from 1

10 11
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3-input Function y

A C|Y

noo Eoonn
n Oo 11 13 02

0, 0. 0 0O,

Each square in a K-map differs
from an adjacent square by a
change in a single literal

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Fr O R
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3-input Function

A B C Y
OO0 O O O
10 0 1 1
20 1 0 O
30 1 1 1
41 0 0 O
51 0 1 O Let’'s examine the squares around
box 1
61 1 0 O
1.1 1 0
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20 1 0 O

30 1 1 1

41 0 0 O

Box O differs by the C literal

51 0 1 O

61 1 0 O

1 1 1 0
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3-input Function

A B C Y

O O O O

Box 3 differs by the B literal

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Fr O R
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040 0. 0
5 7 6

20 1 0 O
30 1 1 1

41 0 0 O

51 0 1 O

Box 5 differs by the A literal

61 1 0 O

1 1 1 0
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3-input Function ABC

ST imm
I[: : E] 0

Diagonal entries are not
considered adjacent

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Fr O R
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Simplification using the K-Map

A cCly BC
ooon  JEonen
KR o/1, 1)o,

OOOO

4 5 7 6

To graphically find the simplified equation,
first group the terms together. Then, find
the literals that the group has in common.

~N O O~ WNER O
R P PR OO O
B B O O R B O
B O B, O R O B
O O O O Rr O r

£l




Simplification using the K-Map

A cClY 5C

N ‘Eopmm
n Ool 11 1| O2

0, 0. 0 0O,

Which literals do these entries share?

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Fr O R
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Simplification using the K-Map

A cCly BC

ooon JEonen
@ o1, 1] o0,
. 0, 0. 0. 0O

We can see that the entries inside of the
group each contain A and C.
i

kﬂ: AC

~N O O WN R O
, BB B O O O
B P O O R R O
B O R, O R O B
O O OO Fr O R

£59




Simplification using the K-Map

A cly 5C

oo  ‘Eopon
n Ool 11 1| O2

0, 0. 0 0O,

The literals that the group share form the
simplified equation.

Y = AC

~N O O WN RO
, BB B O O O
B B OO R KL O
B O B, O R O B
O O OO Fr O R
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Simplification using the K-Map

AB C Y A%

0O 0 0 O m
o, 1,0, 1,

0, 0. 0.0

If we had used binary code instead of gray
code, this visual simplification would not have
been possible!

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Fr O R
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10 0 1 1

20 1 0 1

30 1 1 1

41 0 0 O

51 0 1 O

61 1 0 O

1 1 1 0
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Example 2

S im

0 1
Ol0 1 1
01 0 1 .040 O O
0o/1 1 1
41 0 0 O
51 0 1 O Step 1: Fill in the K-map
61 1 0 O
1 1 1 0




Example 2
BC
e ‘Eoomm
“ 10 11 13 12
0, 0_ 0 O,

Step 1: Fill in the K-map

~N o O~ WNER O
, BB B O O O
B B O O R B O
B O R, O R O B
O O OO Rr R R R




Example 2
BC
ooy ‘Eooen
“ 10 11 13 12
0, 0. 0 0O,

Step 2: Group the terms together

oy ga A —

~N O O WN R O
, BB B O O O
B P O O R R O
B O R, O R O B
O OO O0OFr L PR PR




Example 2

A C|Y
R im
1 0 O 1 1 n I
20 1 0 1 = o,
30 1 1 1
41 0 0 O
51 0 1 O Step 2: Group the terms together
61 1 0 O
1 1 1 0
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Example 2

A B C Y

iﬂ

OO0 O O 1

1 0 0 1 1

20 1 0 1 . 0,

30 1 1 1

41 0 0 O

51 0 1 O Step 3: Find the literals that the
61 1 0 0O group has in common
R N RO

43




Example 2

A B C Y

iﬂ

OO0 O O 1

1 0 0 1 1

20 1 0 1 . 0,

30 1 1 1

41 0 0 O

51 0 1 O Step 3: Find the literals that the
61 1 0 0O group has in common
R N RO

44




Example 2

A C|Y
A im
1 0 O 1 1 n I
20 1 0 1 . 0,
30 1 1 1
41 0 0 O
51 0 1 O Step 4: Derive the equation.
61 1 0 O A
R R G 6 - /AT




Example 2

A C|Y
SR
10 0 1 1
20 1 0 1 . 0,
30 1 1 1
41 0 0 O
51 0 1 O Step 4: Derive the equation.
61 1 0 O v = I
1.1 1 0




K-MAP GROUPING
RULES




K-Map Grouping Rules

All squares in each circle must contain 1’s
B B

'O "

B o o [P

Right Wrong




K-Map Grouping Rules

Groups may be horizontal or vertical, but not diagonal

inl inl
u I ;

Right Wrong

49



K-Map Group|n< Rules

iﬂl iﬂ

OOOO

[1 1] 1] o

Groups must

contain 2" cells 1] O

wheren=20, 1, 2, Right Right
etc. \\7
 EEIEIme im -
O O O O

%[1 1 1] o 1 [1‘) 1] 0

Wrong Right =




K-Map Grouping Rules

Each group must be as large as possible

iﬂ iﬂ

 prien

1

1)

Right

1

1

Wrong

X
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K-Map Grouping Rules

Each cell containing a 1 must be in at least one group

iﬂ iﬂ

1

1
1 =1 0 O

1
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K-Map Grouping Rules

Groups may wrap around the table

Y o ori1 10
B2 oo
ool




K-Map Grouping Rules

Every circle should contain at least one unique 1

iﬂ im

Right Wrong

54



Ex: Reading a K-Map
BC
4 0o
n Oo 01 03 12

A )
04\1 1|1
S _L 6
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Ex: Reading a K-Map

im

1 @O




Ex: Reading a K-Map

\Immmm
3

1
2

Io (n.[]
j/ \—)

Wrong - the blue group does not contain a
unique 1. This grouping would produce a
logically equivalent equation, but it would

not be the most simplified.

BC
A
' EEEEn
1 3

- e
. e

Wrong - the blue group is not a power of 2.
We cannot derive a term for this group.
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K-MAP GROUPS




Ex1: Reading A K-Map

A|B | C Y
0 0 00 im

HO 6]
3fA@

~N O O A W NP O

, BB B O O O
B B O O R B O
B O R, O R O B
B B O O O O O




Ex1: Reading A K-Map

A|B|C Y BC
00000 *HEICIED
10 0 10 T

20 1 00 n o V1 73 72
30 1 110 04 05[17 16]
41 0 00

51 0 10

61 1 01 r'=4B
1 1 1|1




Ex2: Reading A K-Map

A B C Y BC

cooolo *ECICIDD

Q()Olﬁ nooogo2

20 1 0|0 —
040 0. 0

30 1 1|0 oAl o e

41 0 00 N S

51 0 10 = A

61 1 0|0

14 1 1|0




Ex2: Reading A K-Map

5o v I
00 0 00 0001 1110
10 0 1|1 n000302
20 1 0|0

o4o 0 O
30 1 1|0 Gl I —
41 0 010
°>1 0 110 Y = ABC
61 1 010
1 1 110




Ex3: Reading a K-Map

A|B | C Y BC

oo 0o0lo * EIEEID

10 0 10 nOOOO
o 1 3 2

D . [FYERERN)

110 01 B

51 0 1)1 LﬁrA(éerC/

61 1 0|0

f1 1 1|1




Ex3: Reading a K-Map

noE =

00 0 0lc 00 0111/ 10

10 0 110 nOOOO
0] 1 3 2

SIvE K - BB

30 1 10 S

41 0 01

51 0 111

61 1 0|0 Y = AB + AC

1 1 1|1




Use a K-Map to find the simplified SOP Equation

-IEI i
00
10 0 1|0
20 1 0|1 '
30 1 1|1
41001 V)
51 0 1|0 -
61 1 01 %i%%(/
1 1 111

_—
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Use a K-Map to find the simplified SOP Equation

AB C Y 8C

oo 0ox *HCICIEE
10 0 10 nﬁoglm
20 1 01 1011
30 1 11 =9 s\ 1T
41 0 01

51 0 10 _

61 1 o1 Y=B+C

1 1 1)1
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A | B | C | D Y
: 0] 0 0 0 0
4-variable K-Map B e e e
CD 2 0 0 1 0
AB‘ 3 o0 0 1 1
5 0 1 0 1
§) 0 1 1 0
! 0 1 1 1
8 1 0 0 0
9 1 0 0 1
10 1 0 1 0
11 1 0 1 1
12 1 1 0 0
13 1 1 0 1
Use Gray code order so that adjacent 14 1 1 il 0
cells only differ by one literal. 15 1 1 1 1
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A | B | C | D Y _

o)
o)

o)
o)

o)
o)

— <

o

O ANMTLO O~ O

\

4-variable K-Map

CD
= BEEIEE

This cell is 0000, so it corresponds to

~—1 (N
~— <

™
<~

4
<~

LO
<~

row O
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A | B | C | D Y _

o)
o)

o)
o)

o)
o)

<1

o

O ANMTLO O~ O

{

4-variable K-Map

O

D\.

O

M
<

i
i

QY
i

™
<~

4
<~

This cell is 0001, so it corresponds to

LO
<~

row 1
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A | B | C | D Y _

o)
o)

o)
o)

o)
o)

O ANMTLO O~ O

4-variable K-Map

= B

o

A

L]

o

<1

o

i
i

QY
i

™
<~

4
<~

This cell is 0110, so it corresponds to

LO
<~

6

—

roOow
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A | B | C | D Y _

o)
o)
1
1
o)
o)
1
1
o)
o)

o)
o)
o)
o)
1
1
1
1
o)
o)

o)
O
o)
o)
o)
o)
o)
o)
1
1

O ANMITLO OMN~OWO,

O <
~— <

— 5

4-variable K-Map
= HEICIEE

QY
i

™
<~

4
<~

This cell is 1111, so it corresponds to

I

row 15
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A B [ C | D YV
- O o 0 0 0
4-variable K-Map B e e e
CD 2 0 0 1 0
AB 3 0 0 1 1
5 0 1 0 1
0 1 3 5 6 0 1 1 0
7 0 1 1 1
4 5 7 6 8 1 0 0 0
9 1 0 0 1
12 13 15 14 10 1 0 1 0
11 1 0 1 1
8 9 11 10 12 1 1 0 0
13 1 1 0 1
Use Gray code order so that adjacent 14 1 1 il 0
cells only differ by one literal. 15 1 1 1 1
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o)
o)
o)
o)
1
1
1
1
o)
o)
o)
o)
1
1
1
1

o)
O
o)
o)
o)
o)
o)
o)
1
1
1
1
1
1
1
1

A | B | C | D __VY_
o)
o)
1
1
o)
o)
1
1
o)
o)
1
1
o)
o)
1
1

O
1
2
3

m 0 1 3 2

4 5 7 6
12 13 15 14
8 9 11 10

Ex: 4-variable K-Map

CD
= B
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A | B | C | D Y _

o)
o)
1
1
o)
o)
1
1
o)
o)
1
1
o)
o)
1
1

o)
o)
o)
o)
1
1
1
1
o)
o)
o)
o)
1
1
1
1

©O O O O O © © O « d

1
1
1
1
1

O -d ANM< O
O AN NSO ON~NOW0O A A A <

Ex: 4-variable K-Map

CD
~ I
0
1
1
O
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A | B | C | D Y _

o)
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1
1
o)
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1
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1
1
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1
1
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1
1
1
1
o)
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1
1
1
1

O O O O O 0O 0 O d d A «~d «d d «d <

O -d ANM< O
O AN NSO ON~NOW0O A A A <

O
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I

X Hi_o - (& ,y
D ;

l®) ml O O O

© ) 18 N o

= B o[- <)o @
A.VO o < 9 00 +
_ O| 14 | O |

<< \. Y W:
LI 1 1_ __
* < HGEER

CD
~







WS Q2.1: Readmg a K-Map

g oo

‘ R
1 1|0

01

—

11 \1 121]

—

10

O O O

Y = CD + BD + AB




WS 2.2: Reading a K-Map

CD
~ B
m O O 1 1

1 1 1 1
1 1 O O
O O 1 1

80



%5.2: Reading a K-Map
< ’*B\IEIEE
m O O
E@
O O 1
(0} O o”m @y 0 O ( ﬂ

Y = BC + BC + AC Y = BC + BC + AB

N~ R
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD
CD
~ I

11

10
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

AB

CD

11

T

10

83



Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD
N
CD
~ I
oo [

11

N e
H

10

84



Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
~ EEEEn
B -

o
11 Bl 1 1
(o 1 1
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD
ABim

7 —
B. -
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
ABim

—

1

—

1
1
1
1
/1\
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Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD

CD
Asig

O |1

11 o /1 |1
yo 1 |1
4= + FC




Simplifying an Equation Using a K-Map

Y =CD + ABCD + ACD + ACD + ABCD
CD
~ I
B ot

1

1)

89
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